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Abstract. We first consider tlie rational Clierednik algebra corresponding to the ac- 
tion of a finite group on a complex variety, as defined by Etingof. We define a category 
of representations of this algebra which is analogous to "category O" for the rational 
Cherednik algebra of a vector space. We generalise to this setting Bezrukavnikov and 
Etingof's results about the possible support sets of such representations. Then we 
focus on the case of Sn acting on C", determining which irreducible modules in this 
category have which support sets. We also show that the category of representations 
with a given support, modulo those with smaller support, is equivalent to the category 
of finite dimensional representations of a certain Hecke algebra. 



1. Introduction 

1.1. Linear actions. Let be a finite group acting faithfully on a finite dimensional 
C- vector space f). The Weyl algebra -D(f)) oi t) admits an action oiW, so C[T^] (8)c 
becomes an algebra in a natural way. We denote this algebra by C[VF] >< -D(f)). The 
rational Cherednik algebra, defined by Etingof and Ginzburg [TT], is a universal flat 
deformation of this algebra. It is named thus because it is a degeneration of the double 
affine Hecke algebra defined by Cherednik [B]. We recall the definition of the rational 
Cherednik algebra below: 

Definition 1.1. We define the set of refiections in W to be 

S = {seW\ rk(s - 1) = 1}. 

For s S, let € f) and as S I)* be the nontrivial eigenvectors of s, with eigenvalues 
X^^ and Xs, normalised so that {a^ ,as) = 2. Given a W -invariant function c : S ^ C, 
the rational Cherednik algebra Hc{W, f)) is the unital associative C-algebra generated by 
i), t)* and W , with relations 



wx 


= ""xw, 


wy 


= ""yw, 


X, x'] 


= 0, 


y'] 


= 0, 


[y,x] 


= {y,x) 



SG5 

for X, x' G tj* , y, y' & t) and w € W. 

If there is no risk of confusion, we denote this algebra simply by He- 
Much progress has been made in the representation theory of He by restricting at- 
tention to finitely generated modules on which i) acts locally nilpotently. The category 
of such modules, introduced by Opdam and Rouquier [15], is denoted by 0{Hc) and 
displays many similarities with "category O" for semisimple complex Lie algebras; this 
point of view is explained in [19]. The natural homomorphism C[[i] He allows us to 
think of such modules as coherent sheaves on the complex variety \]. By completing at 
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various points of f), Bezrukavnikov and Etingof [4j characterised the possible support 
sets of such a module, showing in particular that any irreducible component of this set is 
the set of fixed points of some subgroup of W. Moreover they constructed the following 
flat connections from these modules (see Proposition 3.20 of [3]). 

Proposition 1.2. Suppose M € 0{Hc) and W is a subgroup of W . Let Y he the set 

of points in \) whose stabiliser is W , and let iy : Y ^ \] be the inclusion. Denoting 
by Sh{M) the coherent sheaf on f) corresponding to the C[f)] -modtt/e M, there is a fiat 
connection on the coherent sheaf pullback iySh^M) determined by 

E2 1 
c{s){y,as)- r (s - l)m 

1 — \s Ois 

ses\w' 

for m £ M and y G l)^' . 

This flat connection is a special case of Theorem II. 4f 2) below. In fact this statement 
holds for any module M in the category Hc—modcoh of modules finitely generated over 
C He- This allows us to give the following alternative characterisation of the 
category 0{Hc)- 

Proposition 1.3. The category 0{Hc) is a Serre subcategory ofHc—modcoh- Moreover 
given an irreducible M G Hc—vciodcoh, ^^.t W CI W be a subgroup whose fixed point set 
is a component o/SuppM. Then M lies in 0{Hc) if and only if the fiat connection of 
Proposition has regular singularities. 

1.2. Actions on Varieties. Now suppose W acts on a smooth complex algebraic va- 
riety X, and (J is a 14^-invariant closed 2-form on X. We recall briefly the notion of 
twisted differential operators [T]. Let Vi^{X) denote the sheaf of algebras generated over 
Ox by the tangent bundle TX, with relations 

xy -yx =[x,y]+uj{x,y), xf - fx = x{f) 

for vector fields x and y and regular functions /, where [•, •] denotes the usual Lie bracket 
of vector fields (note that throughout this paper, scripted letters will generally denote 
sheaves of modules or algebras). To give an action of T>i^{X) on a quasi-coherent sheaf 
A4 is equivalent to giving a connection on A4 with curvature uj. Given an immersion 
of a smooth curve i : C ^ X, we obtain a connection on the pullback i*A4 which is 
trivially flat, so i*A4 may be thought of as an untwisted P-module. We say M has 
regular singularities if i*A4 has regular singularities in the usual sense for every such 
immersion. This definition was given by Finkelberg and Ginzburg [13j for 2-forms which 
are etale- locally exact. In fact we will only be interested in coherent sheaves Ai over 
T>i^{X), and the existence of such a sheaf ensures that lo is Zariski-locally exact. 

Any 1-form a gives rise to an isomorphism T>;^ (X) = Vi^j^da {X) . Therefore by patch- 
ing sheaves of algebras of the form T>^{X), we obtain a sheaf of algebras T>^{X) corre- 
sponding to any class ip G H^{X, fi^^), where is the two step complex 0^ — ?> Q^'^^ 
lying in degrees 1 and 2, il^ is the sheaf of 1-forms and Q^'^^ the sheaf of closed 2- 
forms. When X is affine, any such class is represented by a global 2-form. Note that 
our definition of regular singularities depends on a global 2-form chosen to represent the 
class. 

Etingof [TU] has defined a sheaf of algebras T-L^^^W, X) on X/W, generalizing Defini- 
tion 11.11 We will recall this definition below (see Definition 12. 2p after developing some 
preliminaries. There is a natural copy of the structure sheaf Ox in T~{-c,ip(Wt^)^ and 
we will consider the full subcategory Hc-ip—modcoh of Hc^^iW, X) -mod, consisting of 
sheaves of modules which are coherent as Ox-modules. Our first goal is to classify pos- 
sible support sets of such modules, in analogy with the results of [4J. Explicitly, given a 
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subgroup W QW,let 

X^' = {x£X\'"x = xfovw£ W'}, 
X^^ = {xeX\ StabvK(x) = W'}. 

Also define 

P = {Y I y is a component of X^^ for some W' C W}. 

Tliese subsets are locally closed, and may be viewed as (non-affine) varieties. Let P' 
denote the set of all y G P such that Hc{W' ,T^X/T^X^') admits a nonzero finite 
dimensional module, where x is any point of Y and W' = Stably (x). We will prove: 

Theorem 1.4. Suppose M. € "Hci/i— niodcofc- 

(1) Suppose Z Q X is a closed W -invariant subset of X , and consider the subsheaf 
of "Z-torsion" elements in Ad, 

Tz{M){U) = {m G M{U) \ Suppm C Z). 

That is, Tz{.M.) is the sum of all coherent subsheaves of Ai which are set- 
theoretically supported on Z . Then V z{^M) is an T-Lc^^-submodule of AA. 

(2) Let Y £ P and let iy ■ Y ^ X be the inclusion. The coherent sheaf pullback 
iyiAi) on Y admits a natural action of T>i* ^p{Y). In particular, if ip = 0, then 
iyiAd) admits a natural flat connection. 

(3) The set-theoretical support of A4 has the form 

SuppM= \J Y 

for some W -invariant subset Pm ^ P' ■ 

(4) There is an integer K > 0, depending only on c, W and X , such that any such Ai 
is scheme-theoretically supported on the K^^ neighbourhood of its set-theoretical 
support. 

(5) Every object of Hc^—^odcoh has finite length. 

(6) If Ai is irreducible then we may take Pm in po-'^t (3) to be a single W -orbit in 
P'. 

We would like a sensible subcategory of Tic^iij—inaodcoh in which to study the repre- 
sentation theory of T-Lc,i(>, analogous to the category 0{Hc) in the linear case. Motivated 
by Proposition 11.31 we make the following definition. Again we need to choose a global 
2-form u representing the class ^/J for this definition. 

Definition 1.5. Let T-Lc.uj—^odus denote the Serre subcategory of %c,uj—'^odcohi such 
that an irreducible A4 G TicLj—^odcoh in 7ic,uj—ioaodiis exactly when the connection 
on iy(M) given in Theorem \1.4^ 2) has regular singularities, where Y G Pm is as in 
Theorem \1.4\[ 6)- 

For a linear action. Proposition 11.31 shows that this category coincides with 0{Hc). 
Nevertheless we will use the notation Hcuj—i^odjis even in the linear case to avoid 
confusion with the structure sheaf of a variety. 

1.3. The Type A Case. Taking X to be an open subset of a vector space, the above 
will be of use in the sequel, in which we study representations of He = Hc{Sn,'C-'^), 
where S„ is the symmetric group acting on C" by permuting coordinates. The category 
Hc—'ca.odRs is semisimple unless c is rational with denominator between 2 and n (see 
so we take c = — where m > 2 is coprime with r. It is shown in [4J (and follows 
from Theorem II. 4p that the support of any module in Hc—vciodus is of the form 

X, = {6G{)IStab5„(fe) = 5^} 
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for some integer q with < g < — . It is known that the irreducible modules in 
Hc—uiodRs parameterised by the irreducible representations of C[5'n], which are in 
turn parameterised by partitions of n. Given a partition A h n, let tx and L{tx) denote 
the corresponding representation of Sn and respectively. The support of the latter 
is determined by the following. 

Theorem 1.6. Ifc>0, then the support of the Hc-module L{t\) is Xg^(^x), where 

9m(A) = y^j 

i>l 

//c < 0, the support of L(tx) is X^^i^y)! where X' is the transpose of X. 

Note that any A h n can be uniquely written as mfj, + z/ where fi h qm{X) and z/' is 
m-regular. In particular, the above proves the following conjecture of Bezrukavnikov 
and Okounkov. While this paper was in preparation, this result was generalised to the 
cyclotomic case by Shan and Vasserot [2 IJ . 

Corollary 1.7. Consider the universal enveloping algebra A of the Heisenberg algebra, 
with generators {oj | z € Z, i 7^ 0} and relation [ai,aj] = i^i-j- Consider the grading 
on A defined by deg(aj) = i. Let F denote Fock space, that is, the left A-module 

F = A/span{Aai \ i > 0}. 

The number of irreducibles in Hc—niodjis whose support is Xq is the dimension of the 
qm-eigenspace of the operator 

^ ^ (^—imOiim 
i>0 

acting on the degree n part of F. 

Denoting by i^c— niod^^ the Serre subcategory of Hc—Ta.o(ifis consisting of all mod- 
ules supported on Xq, we will determine the structure of the quotient category 

Hc—m.od'\^g/Hc—T[iod'j^g 

(where /fc— mod^™^^^ is the subcategory containing only the zero module). Explicitly, 
let p = n — qm and q = e^'^*'^, and consider the Hecke algebra Hq{Sp) with generators 
Ti, . . . , Tp_i and relations 

TiTj = TjTi if \i - j\ > 1, 

(ri-i)(ri + q) = 0. 

The irreducible modules over Hq{Sp) are indexed by m-regular partitions of p [8J. Given 
u \- p with qm{i^') = 0, let Dy denote the corresponding irreducible. We will show: 

Theorem 1.8. With c = ^ and q = e^'^*'^, the category Hc—m.od'j^g/Hc—Taod'^j^g is 
equivalent to the category of finite dimensional modules over C[Sq] (8>c Hq{Sp). If v\- p 
is m-regular, and q, the irreducible in //c— mod^^ corresponding to ® under 
this equivalence is L{Tmfj.+u') if c> 0, and L{T(^mfj.+iy'y) if c <0. 

1.4. Outline of the Paper. The paper is organised as follows. In Section [21 after 
some algebraic geometry preliminaries we recall the definition of the rational Cherednik 
algebra of a variety, and prove Theorem 11.41 In Section [3] we state some known results 
about the representation theory for linear actions, and in particular for Hj_(Sn,C"'). 
From this we prove Proposition 11.31 and deduce one direction of Theorem 11.61 We 
restrict to the case c = ^ in Section [H and construct an explicit equivalence from the 
category of minimally supported representations. This enables us, in Section [5l to prove 
Theorem 11.81 for c = — . From this we deduce Theorems 11.81 and 11.61 in general. 



Xi — Aj+i 
m 
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2. Coherent Representations 

Suppose X is a smooth algebraic variety over C and W a finite group acting on X, 
such that the set of points with trivial stabiliser is dense in X. Let a; be a VK-invariant 
closed 2-form on X. Suppose for the moment that X is afHne. In order to define the 
rational Cherednik algebra HcuiiW, X), we require the following lemma, which is shown 
in Section 2.4 of [101. 



Lemma 2.1. Suppose Z Q X is a smooth closed subscheme of codimension 1. Let 0{X) 
denote the ring of regular functions on X, and 0{X){Z) the space of rational functions 
on X whose only pole is along Z , with order at most 1. There is a natural 0{X)-module 
homomorphism '■ TX 0{X){Z) /0{X) whose kernel consists of all vector fields 
preserving the ideal sheaf of Z . 

Since TX is a projective C'(X)-module, we may lift along the surjection 

0{X){Z) 0{X){Z)/0{X) 

to an 0(X)-module homomorphism Qz ■ TX 0{X){Z). It is known (and follows from 
Proposition 12.51 below) that X^ is a smooth closed subscheme for any subset W C W. 

Definition 2.2 (Definitions 2.7 and 2.8 of [10]). Let S denote the set of pairs {Z,s), 
where s €z W and Z is an irreducible component of X^ of codimension 1 in X . Let 
c : S —?■ C be a W -invariant function. Let Xreg denote the set of points in X with trivial 
stabiliser in W , and 

DUXrcg) = rix,,^Mx)) 

the algebra of global algebraic twisted differential operators on the smooth scheme Xj-^g. 
For each vector field v on X, we define the Dunkl-Opdam operator E C\W\^D^{X^(.g) 
by 

D. = v+ Y: ^^Cz{v){s-1), 

{z,s)es ^'^ 

where \z,s is the determinant of s on T^X* for any x G Z. The rational Cherednik 
algebra Hc,ui(W, X) is the unital C-subalgebra ofC[W] x D^{Xj.eg) generated by C[W] K 
0{X) and the D^. 

Remarks: 

(1) Although Dy depends on the choice of lift Qz, the algebra Hc^^^{W,X) does not. 

(2) Proposition 12.31 below shows that this algebra behaves well with respect to etale 
morphisms. Moreover if a is any H^-invariant 1-form on A, the isomorphism 

C[W] X Z)^(A,eg) ^ C[iy] X D^+da (Areg) 

identifies i/c,w(W^5 A) with L{c^u)+da{W,X). Therefore if we do not assume A is 
affine, and we take a VF-invariant class tp € H'^{X,Q^)^ rather than a global 
2-form, we may patch algebras of the above form to construct a sheaf of algebras 
Hc^-^lW, X) on X/W. Nevertheless, for the moment we will continue to assume 
A is affine and a; is a specified 2-form. 

Proposition 2.3. Suppose p : U X is a W -equivariant etale morphism, with U 
affine. For each component Z' of of codimension 1, the image of Z' is a component 
Z of X^ of codimension 1, and we set c'{Z',,s) = c{Z,s). There is a natural 0{U)- 
module isomorphism 0{U) ®o{x) Hc._ujiW.,X) ^ Hc',p*u){W, U), whose composition with 
Hc,uj(W, X) —7- 0{U) ^c>{X) Hc^i^(W, X) is an algebra homomorphism. Moreover given 
any Hc^u){W, X) -module M , there is a natural action of He' ^p*oj{W, U) on 0{U)®q(^x) ^ ■ 
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Proof. Since 0{U) is flat over 0{X), the inclusion Hc,UW,X) C C[W] k D^{Xrcg) 
induces an 0(C/)-module monomorphism 

i : 0{U) ®o{X) He,UW, X) ^ 0{U) ^o(X) C[W] X DUXreg) 

= C[W] K Dj,.UUrcg). 

Moreover, for an appropriate choice of the lifts for any v € TX the image of D^j G 
Hc,uj{W,X) under i is Dp*u. Now Hci^p*uj{W, U) is the subalgebra of €.\W\ x Dp*^{U-[eg) 
generated by C[W] tx 0{U) and {L>„ j v € TU}. But 

TC/ = 0(^7) ®o{x) TX, 

and 

[^.,/] = ^(/)+ E |^^CzW(7-/>gC[m^]kO(c/) 

for any u € TC/ and / G 0{U). It follows that -ffc',p*aj(W^) f^) is spanned by elements of 
the form 

fwDp*Q^Dp*^2 ■ ■ ■ Dp*vi, 

for / G 0{U), w € W and Vi G TX. Applying the same argument with p equal to the 
identity on X, we see that Hc^^(W, X) is spanned by 

fwD^^D^^ . . . 

for / G 0{X), w and Vi G TX. Thus the image of i is exactly -ffc',p*a;(l^) ^)) giving 
the required isomorphism j : 0{U) ®o{x) Hc,uj{W,X) ^ Hc'^p*uj{W,U). Note that the 
composition of i with Hc^ui{W, X) — )■ ©(C/) <8'c'(x) Hc^u}iW, X) equals the composite 

Hc,UW,X) C C[W] K Z)^(X,eg) ^ C[W] K Z)p.,(f/,eg), 

which is an algebra homomorphism. In particular, j also preserves the right 0{X)- 
module structure. 

Now suppose M is an //c,w(l^; -''^)-niodule. The multiplication map 

Hc',MW, U) 0c 0{U) ^ H,,.p*^{W, U) 

and the action map Hc^^iW, X) (^q(x) M ^ M give rise to a map 

{W, U) ®c 0{U) (^o{x) M 

^ H^',p*UW,U)^o{x)M 

^ 0{U) ®o{X) H,,UW, X) ®o{X) M 

^ 0{U)®o{x)M. 

It is straightforward to check that this defines an action. □ 

As in fl], we will study representations of T-Lc,uj(W, X) by restricting to the formal neigh- 
bourhood of a point, or more generally a closed subset. 

Proposition 2.4. Suppose Z is a W -invariant closed subset of X , and let I C 0{X) 
denote the ideal vanishing on Z . Consider the coordinate ring of the "formal neighbour- 
hood" of Z , 

dx,z = \^^0{X)/l\ 

k 

There is a natural algebra structure on Ox,z ®o{x) Hc^i^{W,X), and this algebra acts 
naturally on Ox,z 'S^o(x) ^ for any M in Hc^ui{W, X)—modcoh- 
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Proof. We define an algebra filtration H^^ of i?c,a; = Hc^^{W,X) as follows. Let H^^ = 
C[W] X 0{X) and 

H^^ = H^^ + C[W]{D,\veTX}. 

This is independent of the choice of lift (z, since different choices of Dy differ by elements 
of C[W] \xO{X). Finally let 

TT<d _ (TT<l\'i 

As in the previous proof, if . . . , Vm generate TX over 0{X), then H^^ is generated 
over 0{X) by 

wD^^^ . . . D.,^^ 

ioT w & W and k < d. In particular, H^^ is a finitely generated left 0(X)-module. 
Now / is T^-invariant, so inside i/c,w we have 

{C[W] X 0{X))I = I{C[W] X 0{X)) 

and 

[D,,I] C [D„OiX)] QC[W]p< 0{X). 

It follows by induction on A; that Hf^I^+^ C I^H§^, so that H^^I^^'^ C I^H^^ for all 
d, A; > 0. The multiplication map 

therefore naturally induces a map 

Taking inverse limits we obtain H^^ (g) H'§^^ — ^ H^^'^'^, where 

H^^ = limO(X)//^ ^oix) H^t = Ox,z Hf^. 

k 

In this way the space 

Hc,uj = y Hf^ = dx,Z ®0{X) Hc,oj 

d>0 

becomes an associative algebra. Moreover for any M G i^c^— modco/i, the action map 
induces 

H^^ ® (c>(X)//<^+'= ®0(X) m) ^ 0{X)/I^ ®o{x) M, 

and taking inverse limit gives an action of Hc^^ on Ox,z ^o{x) M. □ 

Next we show that the action of on X looks, on the formal neighbourhood of the 
fixed point set, like a linear action. 

Proposition 2.5. Suppose Z C X is a smooth closed subset which is fixed pointwise by 
the action of W. Then every x € Z admits an affine open W -invariant neighbourhood 
U Q X such that there is a W-equivariant ring isomorphism (j) making the following 
diagram commute: 

(t> 

^{unz)x{T^x/T^z),{ur\z)x{o} — ;;r-^ Ou,unz 



o{unz). 

Here W acts on the first ring according to its linear action on T^X/T^Z. 
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Proof. Both rings are inverse limits, so it suffices to construct compatible W-equivariant 
ring isomorphisms 



such that (pi is the identity, where m C C[TxX/TxZ] is the ideal corresponding to the 
origin and I C Ox is the ideal sheaf vanishing on Z. 

Let TxZ-^ denote the subspace of T^X* vanishing on TxZ. This is the image of 
r{X,Z) under the gradient map T{X,I) T^X*. Let ai, . . . ,a„ be a basis for T^X, 
and bi,. . . ,br a basis for T^Z-^, such that (a,, bj) = Sij for 1 < ^ < n and I < j < r. 
Since W is finite and acts linearly on T{X,I) and TxZ-^, and we are working over 
characteristic zero, Maschke's theorem implies the existence of a VF-equivariant C-linear 
map (5 : T^Z^ V{X^X) which is right inverse to the surjection r(X, Z) T^Z^ . Let 
/j G r(X,I) be the image of by Also choose vi G TX mapping to G T^X. Let U 
denote the open neighbourhood of x on which the matrix (f j(/j))i<t,j<r is invertible. 
The functions /i,...,/^ have linearly independent gradients on ?7, so their zero set 
Z' CU has codimension r. However Z' D Z CtU since fj G r{X,X), and the dimension 
r of TxZ^ equals the codimension in X of the component of Z containing x. Therefore 
Z coincides with Z' on some neighbourhood of x. By shrinking f/, we may suppose that 
U is an affine, VF-invariant open neighbourhood of x such that TiU,X) is generated by 
the fj. We now inductively construct ring homomorphisms 



for > 1, compatible with the projections T{U,Ox/X^^^)'^ ^ T{U,Ox/X^)^ , and 
such that 71 is the identity (note that W acts trivially on T{U, Ox /I) = T(U D Z, Oz), 
since Z is fixed pointwise by W). Suppose we have 7^, where k > 1. Let A = 
C[a;i,... ,Xjn\ be a polynomial ring mapping surjectively to T[U,Ox), and let p C ^4 
be the inverse image of the ideal r{U,I). Note that T{U,Ox/X) = A/p. Now choose 
yi G r{U,Ox/l''+'^)^ mapping to 7fc(xi) G r{U,Ox /l'')^ ■ We have a ring ho- 
momorphism 7' : A — > T{U,Ox /X''~^^)'^ sending Xj to yi, and the composite with 
r{U,Ox/l''^'^)^ T{U,Ox/1.^)^ factors through 7^. In particular, the composite 
kills p, so y(p) C T{U,X^/X^+^)^ . Also the composite off with T{U,Ox /X^+^)^ 
V{U, Ox/X) is the natural projection A r(C/, Ox/X). It follows that the restriction 

5 = ^'\^:p^V{U,X^/X^+^)^ 

is an ^-module homomorphism. Certainly then (5(p^) = 0. We have an exact sequence 

p2 ^ p ^ A/p ®A r(SpecA)* ^ r(Spec A/p)*, 

where the map p — >■ A/p ®a T(Spec A)* is the gradient map. Since 

Spec A/p = Uf^z 

is smooth, r(SpecA/p)* is a projective A/p-module. Therefore 6 factors through the 
gradient map. Moreover r(Spec A)* is freely generated over A by dx\, . . . , dxm- There- 
fore we may find zi, . . . , G V{U,X^ /X^+^Y^ such that 



Let 7" : A — )■ T{U, Oxjl-^^^Y^ be the ring homomorphism sending Xj to yi — Zi. Since 
A; > 1, we have 



In particular, 7" kills p, so it induces the required map jk+i '■ ^/P ~^ r(C/, Ox/X''~^^) 



<Pk : r{X, Ox/X) C[TxX/TxZ]/m'' ^ r(X, Ox/X^) 



-fk:riU,Ox/X)^TiU,Ox/X') 



■k\W 
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Now <C\TxX/TxZ] is freely generated by 61, . . . , 6^) so we may extend 7^ to a homo- 
morphism 

(t>'k : r(c/, Ox/x) ® c[TxX/nz] ^ r(;7, Ox/i'') 

by sending bj to fj. Note that the (/)'^ are compatible as k varies, and are T^-equivariant 
since /3 is. Since fj E T{X,I) for each j, we have (/)^(r(C/, OxA) m') C T{U,X^/X^) 
for < I < k. Thus 0';^ induces a map 

0fc : r{U, Ox IT) ® C[TxX/TxZ]/m'' ^ r(;7, Ox 
and to prove (f)^ is an isomorphism, it suffices to show that the induced maps 

r([/,OxA) (8)m7m'+i ^ r(c/,x72:^+i) 

are isomorphisms, for < I < k. We took 71 to be the identity, so in fact this is a map 
of r(C/, Ox/2^)-modules. That is, we are required to prove that T{U,X^ /X^^^) is freely 
generated over T{U,Ox /X) by degree / monomials in the fj. This is clear when / = 0. 
Moreover the monomials generate r(C/,X') over T{U,Ox), since the fj generate T{U,X) 
over r(J7, Ox)- Finally suppose 

^5a/r-../."'-Gr(c/,x'+i) 

a 

for some G T{U,Ox)-, where each monomial has degree /. The matrix {vi{fj))i<ij<r 
is invertible on U, so we may find vector fields v'l, . . . ,vl. on U satisfying v[{fj) = 5ij. 
Since f^r(C/,X'+^) C r{U,X^), we conclude that 

5^ai5a/r-../r~'---/rer(t/,z') 

a 

for each 1 < i < r. If/>0 then for each a we have ai ^ for some i, so by induction 
we conclude that Qa G T{U,X), as required. □ 

The next proposition generalises Theorem 3.2 of [4J, which applies to linear actions. 

Proposition 2.6. Suppose Z is a smooth connected closed subset of X, every point of 
which has the same stabiliser W' in W . Suppose the W -translates of Z are all equal to 
or disjoint with Z , and let WZ denote their union. Finally let W" be the subgroup of 
W fixing Z setwise. Then 

dx,wz ®o{x) H,,u.{W,X) ^ M&t^w:W"]{'C[W"] ®c[W'] H,^^{W\Svfdx,z)), 

where -ffc,w(W^', Spf Ox,z) is an algebra depending only on the following data: 

• the ring Ox,z, 

• the action of W on Ow,z, 

• the extension of to to a map Derc(C'x,z) ADerc(C'x,z) Ox,z, and 

• the parameters c{Z' , s) for Z' 5 Z . 

The isomorphism is natural up to a choice of coset representatives for W" in W . There 
is a natural action of C[W"] ^ciW] Hc^uj{W ,Spi Ox, z) on Ox,z '^©(x) ^ fof o,ny 
Hc,UW, X) -module M. 

Remarks: 

(1) The construction of Hc,i^{W,X) can be extended to allow X to be a formal 
scheme, and the algebra Hc^coiW, Spf Ox,z) is an example of this construction. 
Nevertheless we give a self-contained definition of this algebra below without 
making reference to formal schemes. 

(2) When uj = 0, the following proof can be simplified by embedding Hc,i_j{W, X) in 
Endc(C'(X)) rather than C[W] tx D^iX^eg). 
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Proof. We have a natural isomorphism 

BeTc{dx,wz) = Ox,wz ®o{x) TX, 

so the closed 2-form 

uj : TX ^o{x) TX 0{X) 
extends naturally to a closed 2-form T)eicc{Ox,wz) ®dxwz ■^^^c(C'x,VKz) — ^ Ox,wz- 

We can now define an algebra Di^{Ox,wz) in the same way that D^^{X) was defined, 
and 

D^{dx,wz) = Ox^wz (^o(x) DUX) 

as an Ox,wz-^odule. Let K{Ox,wz) be the localisation of Ox,wz at all elements which 
are not zero divisors. There is a natural algebra structure on 

Kidx,wz) ®dx,wz DUOx,wz) = K{dx,wz) D^X). 

Since X is smooth and Xj-^g is dense in X, the inclusion 0{X) ^ Ox,z extends to a 
monomorphism r(Xreg,C'jc) ^ K{Ox,wz)- We therefore obtain an algebra monomor- 
phism 

DUXreg) = r(Xreg,Ox) ^O(X) D^X) ^ K{dx,Wz) ®0{X) D^X). 

From this we construct a monomorphism 

H^,u.{W,X) ^ C[W] X D^(Xreg) C[W] X {K{dx,wz) ®o(x) -D^(^)). 

Therefore Ox,wz ®o{x) Hc^uj{W,X) may be naturally identified with a subalgebra of 
C[W] K {K{dx,wz) ®o{X) D^X)). 

Let C be a set of left coset representatives for W" in W . We choose 1 € C to be the 
representative for W" itself. We have 

= ]J wZ. 

wec 

We have assumed that the closed sets on the right are pairwise disjoint, so 

K{dx,wz) = K{dx,v^z), 
wec 

where K{Ox,wz) is the field of fractions of Ox,wZ- Let e denote the identity of Ox,z 
in the above direct sum. Note that W" fixes e. Moreover for any w C \ {1} we have 
(^e)e = 0, since is the identity of Ox,wZ in this direct sum. It follows that there is 
an isomorphism 

(/) : C[W] K {K{dx,wz) ®o{x) DUX)) ^ MatciC[W"] k {K{dx,z) ^o(x) D^X))), 

where Mate denotes the algbera of matrices with rows and columns indexed by C. Ex- 
plicitly, for wi, W2 G C and a G C[1'F"] ix {K{Ox,z) ®o{X) Di^{X)), 4> sends wieaw2^ 
to the matrix with a in entry {wi^w^) and zeros elsewhere. Therefore to describe 
Clx,wz ®o{x) Hc,LjiyV,X), it suffices to determine its image under cj). 

Now Ox.wz ®o{x) Hc.u){W, X) is generated as an algebra by C[W] K Ox,wz and the 
Dunkl-Opdam operators. Under 0, the first subalgebra generates 

Matc(C[VF"] K dx,z) Q Matc(C[W^"] k iK{dx,z) D^X))). 

In particular, this contains Matc(C), so the image of Ox,wz ®o{x) Hc,u){W,X) is 
Matc(^), where A is the subalgebra of C[W"] k {K{dx,z) D^{X)) generated 
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by C[VF"] K Ox,z and the entries of the images of the Dunkl-Opdam operators under 
(f). Recall that these operators are given by 

for V G TX. Given (Z', s) ^ S,\i Z intersects Z', then there is a point in Z fixed by s, 
so s G W and Z C Z' . On the other hand, if Z' is disjoint with Z, then Cz'(^) defines 
a regular function in Ox,z- Therefore A is generated by C[l^"] K Ox,z and the image 
of the map 

D':TX^ C[W"] X {K{dx,z) ®o{x) D^{X)), 
D'{v) = v+ Y: P^Cz'{v)is-l). 

■f — ' i — AZ' s 

(z',s)es ^ 

Z'DZ 

Since Derc(Ox,z) = Ox,z<^o{x)TX, we may extend the C'(X)-linear maps (z' ■ TX -)■ 
0{X){Z') to Ox,z-linear maps 

Cz' ■■ Derc(Ox,z) ^ dx,z ®o{x) 0{X){Z') C K{dx,z), 
and the above formula then extends D' to an Ox,z-linear map 

b' : Derc(Ox,z) ^ C[W'] k {K{dx,z) ®o{x) DUX)). 

Since A contains Ox,z and the image of D' , it also contains the image of D' . Given 
s G W, let Is C Ox,z denote the ideal generated by — / for / G Ox,z- Let denote 
the component of containing Z, and let Iz' C be the ideal vanishing on Z'. 

Then Ig = Ox,zIz'i so {Z',s) G S exactly when Ig is locally principal. Moreover if 
/ G T{U,Ox) generates Iz' on some open subset U C. X, then it generates Is on the 
corresponding open subset of Spec Ox, z, and 

Cz'{v) e ^ + dx,z ®o{x) r(c/, Ox) 

for any v G Derc(Ox,z, ^x,z)- This formula determines C,z'{v) up to an element of 
Ox,z- Thus D' is determined, up to a map Derc(Ox,z) ^ C[pr'] k Ox,z, by the action 
of W on (9x,z and the parameters c{Z' ,s) for Z' D Z. These data therefore determine 
the subalgebra 

H,^u{W\SY>idx,z) C C[W'] K (i^(ax,z) ®o(x) D^X)) 

generated by C[M^'] k Ox,z and the image of D' . In particular, //c,i^(l^'; Spf Ox,z) is 
preserved by conjugation by W^", so A = C[VK"] ^ciVF'] Hc,u}{W, Spf Ox.z), as required. 

Finally consider any Hc,uj{W, X)-module M. The previous proposition gives an action 
of dx,wz <^o{x) Hc,oj{W,X) on dx,wz ^o{x) M, so 

Ox,z <Sio{x) M = edx,wz (8)e)(x) M 

admits an action of eOx,wz ®o{x) Hc,u{W, X)e. But 0(e) is the monomial matrix with 
a 1 in the (1,1) entry, so restricting cf) gives an isomorphism 

edx,wz ®o{x) H^,UW,X)e ^ <C[W"] k iJe,a,(W, Spf Ox,z), 

thus giving the required action. Note that this does not depend on the choice of coset 
representatives C, since we always take C to contain 1. □ 

We may now prove our first main result. In this proof we allow X to not be affine, and 
our class € H'^i^, ^^^) may not be represented by a global 2-form. 
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Proof of Theorem \1.4\ (1) Since being a submodule is a local property, we may sup- 
pose X is affine and that ip is represented hy u (Q^'^^)^ . Consider the module 
of global sections M = T{X,A4) € Hc^u){W, X)— mod. Since Z is l^/'-invariant, 
it is clear that Tz{M) is preserved by C[W] k 0{X). It suffices to show that 
preserves Tz{M) for each v £ TX. Let / C 0{X) denote the ideal vanishing 
on Z. Recall that [D^,0{X)] C C[W] x 0{X). Since WI = IW, it follows 
inductively that I^^^D^ C Hc^^l'' for each k > 0. Therefore if m G Tz{M), 
then I^m = for some k, whence I^^^D^m = 0, so D^m G Tz{M). 
(2) Consider F G P and x G with stabiliser W C W. Let f) = 

Applying Proposition l2.5l to y, there is a VF'-invariant affine open neighbourhood 
U of X, with [/ n y closed in U , and a VF'-equivariant isomorphism 

4> '■ (^{unY)xt),unY ^ C>u,unY, 
where we identify UnY with (UnY) x {0} C ([/ nY) x f). Moreover i;A induces the 
identity on 0{UriY). Let / be the kernel of the map 0(unY)xt),unY ~^ 0{U CiY), 
let C be a set of left coset representatives for W' in W, and let 

U= Y[wU. 

wee 

We have a natural etale morphism U X, so by Propositions 12.31 and 12.6] for 

any 7W G 'Hc,ii)—vaodcoh we have a natural action of Hc^u){W', Spf Ou,unY) on 

M = du,unY ^o{u)'^{U,M), 

where oo G represents "0 on U. The isomorphism cj) gives rise to an 

isomorphism 

<Ac,a; : i/c,</.*a;(VF',Spf 0(c7ny)xf,,l/ny) ^ -f^c,u;(W^',Spf Ofy^t/ny). 

Let denote the pullback of ^^^yW to (C/ n y) x f) under the projection map 
(f/ n y) X f) — )• [/ n y. By abuse of notation, we will also use u to denote the 
completed map 

Derc(C'([/ny)xfi,c/ny) '^c Derc(C'([/ny)xf),i/ny) ^ ^(unY)xt),unY- 
Then 

u{v,v') - {(l)*oj){v,v') G / 

for vector fields v, v' G L)erc(C'(;7ny)xf),i7ny) which preserve /. It follows that 
u — (j)*uj = da for some 1-form 

a : Derc(C'([7ny)xf),(7ny) 0{UnY)xh,UnY 

which satisfies a{v) G / whenever v G Derc(C'(;7ny)xf),c/ny) preserves I. Since 
we are working over characteristic 0, we may suppose a is VF'-invariant. This 
gives an isomorphism 

ac,ui ■ -f^c,i/(W^', Spf C'(t/ny)x(,,t/ny) ^ Hc,if,*^{W',SpiO(^uriY)xt,,unY)- 
Proposition 12.61 also gives a natural isomorphism 

Hc,uiW' ,Spi 0(^uriY)xt),unY) — C'({/ny)xf),i/ny '^o(unY)(SiC['h] Hc,u{W', {U nY) x f)), 
and Hc,u{W', {Ur\Y)xt)) = Di*^^^^{U n y) Hc{W\ Here for any s (^W 
acting by reflection on f), we take c{s) = c{Z,s), where Z is the component 
of X^ containing Y. Composing these isomorphisms, we obtain an action of 
Di'^^^u}{UriY) on M commuting with the action of (/)(C[f)]) C Ou,unY- Therefore 
Di*J'^^S{U nY) acts on 

M/(j){t)*)M = M/(j){I)M = r{U n y, i*yM). 
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We will show that the latter action is independent of the choices of (j) and a, 
thus proving that the action is natural and patches to give an action on all of Y. 

Recall from the proof of Proposition 12.61 that Hc^u}iW, Spf Ou^uriv) is a sub- 
algebra of C[VF'] x [K{Ou,ur\Y) ®o(Ur\Y) D^{U)). The latter also contains a 
natural copy of Derc(0(7,c/ny)- We constructed an Of/^c/ny-linear map 

b' : DeTc{du,unY) ^ H,^^{W',Svidu,unY)- 
If V S Derc(C'(/,[/ny) is VF'-invariant then 

b'{v) G t; + C[W'] K du,unY ^ C[W'] k {K{du,unY) ®o(unY) D^{U)). 

In particular v € Hc^uiiW', Spi Ou^unY)- Moreover by choosing (z appropriately, 
we may ensure D'{v) £ v + C[W'] x </>(/) for any such v. 

Consider a vector field v on U DY. We may extend v naturally to a vector 
field on ([/ n y) X f), and therefore a derivation of 0(unY)xt},unY- Let v denote 
the pushforward of this derivation under <j). This has the following properties: 

(a) V G Derc(0[/^;7ny) is W invariant. 

(b) The following diagram commutes: 

Ou,unY — ^ Ou,unY 

0{unY)^^0{unY). 

As noted above, the first property ensures v G Hc^uiW , Spf Ou,unY)- The action 
of w on M constructed above is exactly the action of 

+ Mv) e H,,UW',Spidu,unY) C C[W'] x {K{du,unY) ®o{urY) D^{U)). 

However, (j)a{v) G so v acts on M/(f){I)M as simply v. Therefore it suffices 
to prove that the action of v on M/(j){I)M is determined by the above two 
properties. If v' also satisfies these properties, then 

{v - v'){du,unY) C ker(6[7,t/ny ^ 0{U n Y)) = (^{1). 
That is, V — v' £ (p{I)DeTc{Ou,unY) ■ Since v and v' are fixed by W', this gives 
v-v G b'{v - v) + C[W'] X </.(/) 

C 0(I)i)'(Derc(Oc7,c/ny)) + mC[W'] 
C (P{I)H,,UW',Spidu,unY)- 
Thus V — v' acts as zero on M/(p{I)M , as required. 

It is well known that a coherent sheaf with a connection is locally free, so the 
previous part shows that each y G P is either contained in or disjoint with 
SuppA^. Since 

ygp 

we conclude that SuppAl is a disjoint union of sets in P. Moreover SuppTW 
is closed and the closure Y of any y G P is irreducible, so the irreducible 
components of SuppAl have the form Y for some Y £ P. Let Pm denote the 
set of y G -P such that Y is an irreducible component of Supp A^. The action of 
W on M ensures that Pm is M^-invariant, so it suffices to prove that Pm C P'. 

Pick y G Pm and let x, W', U, M, fj, (p and / be as above. Suppose x G y for 
some Y' G Pm- Then y is a connected component of for some W" Q W , 
and we must have W" C Stabiy(x) = W. But then Y C X^" , so F C F' since 
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Y is connected. Since Y is an irreducible component of SuppA^, we conclude 
that Y' = Y. That is, Supp coincides with Y on some neighbourhood of x. 
By shrinking U, we suppose that this holds on U. Then some power of (/>(/) kills 
M. It follows that 

N = kx '^o(UnY) M 

is finite dimensional, where is the residue field of the point x € U DY , and 
the map 0{U OY) Ci/,c/ny is given by the map (p. Moreover the action of 
Di*^^^u>{U n y) (g) Hc{W', f)) on M gives rise to an action of Hc,uj{W\ f)) on A^. 
Finally N is nonzero, since 

is the fibre of at x € X, which is nonzero by assumption. 

(4) We keep the above notation. Since some power of I kills M, and the ring 
C'(C7ny)xf),c/ny/-^' is finitely generated over 0{U r\Y) for any Z, we conclude that 
M is a finitely generated module over 0{U f^Y). Since it admits a connection, it 
is locally free. We will show in Lemma [3.1l that there is an integer Ky-, depending 
only on P), W and c, such that N is killed by (fi*)^^. That is, 

where /y C 0{U) is the ideal vanishing on U r\Y , and C 0{U r\Y) is the 
maximal ideal corresponding to the point x. Up to (non-canonical) isomorphism, 
the algebra ifc,a;(W^'> f)) is independent of the point x ^ Y . Therefore this 
equation holds for any x € y PI [/. Together with local freeness, this ensures that 
ly^ M = 0. Since SuppAl coincides with Y on U, we conclude that Z^^ M. 
vanishes on [/, where X C Ox is the ideal sheaf vanishing on Supp M . Now U was 
chosen to contain an arbitrary point on Y , and is W^-invariant, so X^^Ad 
vanishes on the union WY of all VF-translates of Y. That is, X^^M C r^(M), 
where Z is the complement of WY in Supp Al. Note that Z is closed and W- 
invariant. It now follows by induction on SuppA^ that M is killed by X to the 
power of 

YCSuppM 

In particular, this proves the statement with K = X^yeP' 

(5) Let K be the integer constructed in the previous part. Again we prove the 
statement by induction on Supp Al, and the case Supp A^ = is trivial. Suppose 
every module with smaller support has finite length. Choose Y € -Pmi s-nd let 
Xy Q Ox denote the ideal sheaf vanishing on Y. Let U Q X he some open 
affine subset intersecting Y, and let ly = T{U,Xy). This is prime since Y is 
irreducible. Consider the ring 

i? = 0(t/)(,,)//fO(C/)(,,.), 

that is, the K^^ formal neighbourhood of the (non-closed) generic point of Y. 
Then lyR/Iy^^R is finite dimensional over the field R/IyR for each k, so R is 
Artinian. Since A4 is coherent, it follows that 

i?c5o(c/)r(c/,Ai) 

has finite length over R. We may therefore assume by induction that the state- 
ment also holds for modules with the same support, for which the above R- 
module has smaller length. 

Again let Z be the complement of WY in Supp A^. Let Xz and X be the ideal 
sheaves vanishing on Z and SuppAl respectively. Let ^A' = M/Tz{A4) and 
M" = Tic^ipX^M'. Since Tz{M) and M'/M" are supported on Z, they have 
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finite length by induction. If Ai" is zero or irreducible, we are done. Suppose 
otherwise, and let M' be a proper nonzero submodule of Ai", and let M be the 
inverse image of M' in M. We have TyXz ^ Z, so 

Z^Z^M (^Z^M = 0. 

Therefore Z^ M <^V z{M), so Z^ M' = Q and the map 

is an isomorphism. Since localisation is exact, we conclude that 

R ®o(u) r(t/, M') ^ R ®o{u) r(f/, M') 
is injective. Therefore we have a short exact sequence 

R ^o(u) nu, AT') ^ R ®o{U) M') - R ®o{u) ^U, M'/M'). 

We claim that the first and last modules are nonzero. This is equivalent to 
SuppA/"' and Supp (A4'/7V') containing Y. Suppose the first fails. Then M' is 
supported on Z, so Z^M' = 0. Thus 

x|^'A/-cifrz(M) = 0. 

Hence M C Tz{M.)^ so that TV' = 0, a contradiction. Now suppose M' /M' 
is supported on Z. Then Z§{M'/M') = 0, so M' ^ Z§M'. Thus M' ^ 
T-LcipZ^ M' = A4", contradicting the assumption that M' is a proper submodule 
of Ai" . This proves the claim, and we conclude that 

lenniR(E)o{u) ^iU,M')), lenn{R0a{u) T{U,M'/M')) < lenR{R(^a{u) ^{U,M)), 

so A/"' and Ai' /Af' have finite length by induction. Again, since Tz {A4) has finite 
length, we are done. 

(6) Again let Y be any element of P_\4 and let WY and Z be as above. Let Zyyy, Zz 
and Z be the ideal sheaves in Ox vanishing on WY, Z and Supp respectively. 
Then 

Z^Z^yM C Z^M = 0. 

Thus Z^Y^ ^ ^z{M). Now Tz{M) is a submodule of A4 by (1), and it is 
proper since Z C Supp A/f. Since Ai is irreducible, we conclude that Tz{Ai) = 0. 
Hence X^y^Vf = 0, so Supp Ai = WY as required. 

□ 

3. Linear Actions 

Now suppose X = \) \s & finite dimensional vector space with a linear action. We 
briefly review some known results concerning representations of HciW,^); see |9]. We 
also prove Proposition 11.31 and one direction of Theorem 11.61 

3.1. Verma modules. Any VF-module r becomes a C[VF] >< C[f)*]-module by declaring 
that f) acts as 0. We may therefore construct an Hc-Ta.o(hAe 

M{t) = He (^c[w]iKcm 'T- 
This is the Verma module corresponding to r. The multiplication map 

C[f)] ®cC[W] ®cC[r] ^i^c 

is a vector space isomorphism, so M(r) = C[f)] (iS>c t as a C[VF] tx C[f)]-module. As a 
special case, when r is the trivial representation, we obtain an action of He on C[f)]; 
this is called the polynomial representation. If r is irreducible, then there is a unique 
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maximal proper submodule J(t) of M{t), and the quotient L{t) is irreducible. Let yi 
be a basis of t), and Xi the dual basis of t)*. Define the Euler element by 

eu = ^ XiVi + ^ c(g) ^ € He. 

i ses ^ 

This element has the useful property that adeu acts as on W^, as 1 on f)* C He, and 
as — 1 on f) C He- From this fact we deduce the following lemma, which was used in the 
proof of Theorem 11.41 

Lemma 3.1. There exists a positive integer K , depending only on c and W , such that 
i}^ C He and {i}*)^ C H^ annihilate any finite dimensional Hc-module. 

Proof. Let M be a finite dimensional -fTc-module. Then M decomposes as 

AeA 

where M\ is the generalised eigenspace of eu with eigenvalue A, and A C C is the finite 
set of eigenvalues. Since adeu acts as —1 on f), it is clear that f) sends M\ to Ma_i. 
Thus kills M, where K is any integer larger than d = max(Re(A)) — min(Re(A)). 
The same is true of and it remains to bound d independently of M. Pick A G A with 
Re(A) minimal. Then \) acts as on M\. Since W commutes with eu, it preserves the 
eigenspace M\. We may therefore find a subspace r C M\ which is irreducible under 
the action of W . Then 




This depends only on the action of on r. Since W has only finitely many irreducible 
modules, there are only finitely many possible values for A, once c and W have been 
chosen. Similarly by writing 

eu = V'yiXj - dim [) + V'c(s) ( ^ + 2 ] s, 
i ses VAs-1 J 

we see that there are only finitely many possibilities for max(Re(A)). Thus d has only 
finitely many possible values, depending on W and c, and may therefore be bounded 
independently of M. □ 

For a module M € Hc—modcoh^ the following conditions are equivalent: 

(1) The action of eu on M is locally finite. 

(2) The action of f) on M is locally nilpotent. 

(3) Every composition factor of M is isomorphic to some L{t). 

Proposition 11.31 states that the category of modules satisfying these conditions is exactly 
the category He— mod jis of Definition [T3J We will require the following lemma to prove 
this. 

Lemma 3.2. Let \:} be a finite dimensional vector space, and suppose Z C I) is the zero 
set of a homogeneous ideal in C[f)] (that is, Z is a cone). Let ^ G \ Z) denote the 
Euler vector field. Then ^ acts locally finitely on the global sections of any O-coherent 
T>-module on [)\Z with regular singularities. 

Proof. Let A4 be an O-coherent module on f) \ Z with regular singularities. Then A4 
is locally free, so if U is an open subset of f) \ Z, the restriction map 



r(f)\z,M) ^r{u,M) 
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is injective. We may therefore replace \ Z by any smaller C*-invariant open subset U. 
Denoting by xq, . . . ,Xn the coordinates on f), we suppose that U is affine and disjoint 
with the zero set of xq. We have an isomorphism 

given by Xq I— > t and Xi i-^ tyi for i > 0. Note the C* action on the left, which scales 
each Xi, corresponds to the C* action on the right scaling only t. Thus we have a 
C*-equivariant isomorphism 

U^C* xY 

where Y is some affine open subset of SpecC[yi, . . . , In particular the vector field ^ 
on the left corresponds to tdt on C*. 

It therefore suffices to consider a module M over D(C* xY) = D{C*) D{Y) which 
is O-coherent with regular singularities. Moreover we may suppose that M is irreducible. 
The Riemann-Hilbert correspondence implies that M is of the form L (8)c ^ for some 
irreducible modules L E D(C*)-mod and N € L'(y)-mod, and that L = C[t,t~^]v with 
connection 

VdJit, t~')v = {dtf{t, t-'))v + xt-'f{t, t-')v 

for some A G C. Since tdt acts as n + A on t^v, and {f^v | n G Z} is a basis for L, we 
are done. □ 

Proof of Proposition \1.3[ First we show each L{t) lies in He— modus- Choose Y € Pl{t) ) 
and let iy ■ Y ^ X denote the inclusion. We are required to show that the connection 
on iYSh{L[T)) has regular singularities. Certainly we have a surjection iYSh{M{T)) — » 
iYSh{L[T)) intertwining the connections, so it suffices to prove that the connection on 
iYSh{M{T)) has regular singularities. However, 

r(y, i*YSh{M{T))) ^ 0{Y) C[{)] ®cT = 0{Y) 0c T. 

Moreover r is killed by f), so by Proposition [T21 the connection on iyShi^M) is described 
by 

yym = - V c{s){y,as)- r {s - l)m 

for m a T and y G f)^', where W' is the stabiliser of any point in Y . Since this 
expression only contains poles of first order, the connection has regular singularities. 
Since Hc—Tnodus is a Serre subcategory of Hc—viiodcoh by definition, this proves any 
module satisfying condtion (3) above lies in He— modus- 

Conversely, we will show that any M G Hc-mod^s satisfies condition (1) above. 
This condition is preserved by extensions, and Theorem II. 4l f 5) shows that M has finite 
length, so we may suppose M is irreducible. As usual let Y be in Pm with stabiliser W' . 
We may find a homogeneous polynomial / G C[f)] which vanishes on each Y' G PA/\{y}, 
but not on Y itself. Note that the kernel of the map 

is Tz{M), where Z is the common zero set of all the ^f . This is zero by Theorem ll.4r i) 
and the irreducibility of M. Since adeu acts as deg/ on each the action of eu on 
M extends naturally to one on Therefore since eu is VF-invariant, it suffices 

to show that the action of eu on M[/~^] is locally finite. 

Let [/ C f) denote the affine open subset on which / is nonzero, and let ly C C[f)][/^^] 
denote the ideal vanishing on Ur\Y . Note that ly is generated by some subspace F C f)*, 
so IyM[/~^] is invariant under eu for each k. Moreover since M[f~^] is supported on 
[/ n y, we have /y -/Vf[/~^] = for some K > {). Therefore it suffices to show that 
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eu acts locally finitely on each lyMlf ^]//y^^M[/ Finally for each k we have a 
surjective map 

intertwining 1 (S" eu with eu — k deg /. We may therefore consider just k = 0. But 

M[f-']/lYM[f-^] = 0{U n Y) ®cM M 

is an O-coherent P-module on U OY with connection given by Proposition 11.21 It has 
regular singularities by assumption. Note that UCiY is the basic open subset of the vector 
space f)^ on which f\f^w' is nonzero. Therefore the vector field ^ of Lemma 13.21 acts 
locally finitely. To describe the action of ^ explicitly, let {xi, . . . , Xn} and {yi, . . . , 
be dual bases for f)* and f), such that {yi, . . . , i/r} span f)^'. Then Xr+i, ■ ■ ■ ,Xn are zero 
in 0(U n y), and a straighforward calculation shows that 

2c(s) ^-^ 2c{s) 

^m = eum+ y, —m+ —sm 

— ^ 1 — — ^ 1 — Ac 

ses\W' sesnw " 

for m G M. Note that 0{U PI 1") CS)c[t)] ^ admits an action of W' commuting with 
0{U n Y). Since ^ and eu have the same commutator with any element of 0(U D Y), 
this formula holds for any m G 0(U Y) (8>(C[(,] M. Therefore since ^ and C[VF'] act 
locally finitely, so does eu, as required. □ 



3.2. Characters of modules. Let denote the space of formal Z-linear combina- 
tions of powers of t, such that the exponents appearing belong to j4 + Z>o for some 
finite subset ^ C C. Let K(W—modfd) denote the Grothendieck group of the category 
of finite dimensional representations of W. There is a homomorphism 

Ch : K{H,{W,i))-modRs) ^ K{W-modfd) 

sending [M] to 

Aec 

where Mx Q M is the generalised A-eigenspace of eu, considered as a Vl^-module. If r 
is an irreducible VF-module, then 

ChilMir)]), Ch{[L{r)]) G [T]t^W + i^(VF-mod/d) Z[[t]]t^M+\ 

where /i(r) is the scalar by which 

s&S 

acts on T. It follows that Ch is injective, and both {[^^(t)]} and {[Af(r)]} form bases 
for K{Hc{W,t))— modus)- Moreover the matrix relating the [M(r)] to [^(t)] is upper 
triangular, when the irreducibles are ordered by Re(/i(r)). It follows that the functor 

V er maw '■ W— mod f (I Hc{W,^))—modfls, 

T ^ M{t) 

induces an isomorphism on Grothendieck groups. 
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3.3. Induction and restriction. Bezrukavnikov and Etingof [4j also construct "par- 
abolic induction and restriction" functors for rational Cherednik algebras. Statements 
(1-4) of the following theorem summarise Propositions 3.9, 3.10 and 3.14 of [3]. State- 
ment (5) follows from the construction of Resf, and Proposition 2.21 of [15], and was 
communicated to the author by Etingof. 

Theorem 3.3. Consider a point b G I), with stabiliser W C W . There exist exact func- 
tors Resb : Hc{W,i))-modjis Hc{W' ,i))—m.odRs o-nd Indb : Hc{W' ,i))—modRs 
Hc{W, I))— mod jis with the following properties: 

(1) The functor Indb is right adjoint to Resb- 

(2) The support of Resb{M) is the union of the components of SuppM passing 
through b. 

(3) The support of Indb{N) is the union of W -translates ofSuppN. 

(4) The induced maps [Resb] and [Indb] on Grothendieck groups satisfy 

[Resb\[V ermaw] = [Vermaw][Res], 
[Indb][Vermayy/] = [Vermawjilnd], 

where Res : W—modfd W'—modfd and Ind : W —modfd — >■ W—modfd are 
the usual restriction and induction functors. 

(5) // M is a Verma module, then ResbM has a filtration whose successive quotients 
are Verma modules. 

Remark 3.4. 

We will use a definition of Resb that differs slightly from that in [4J in two ways. 
Firstly, in the notation of [1], we do not include Ci so Resb produces modules in 
Hc{W',[))-modRs rather than Hc{W' ,[)/[)^ ') -mod rs- Secondly, Theorem 3.2 of [3] 
includes a shift from b to the origin, which we omit. In both cases the functor we have 
omitted is an equivalence, so the properties of Resb are unchanged. 

By its construction, Resb behaves well with respect to monodromy. We give two 
results to this effect. The first, concerning monodromy around a single hyperplane, 
follows easily from [4J. 

Proposition 3.5. Suppose b, v & I) have stabilisers W, W" C W respectively. Suppose 
that W" C W' , and that C C W' is a subgroup acting faithfully on Cv. Consider 
the map (f) : C ^ t) given by (t){z) = 6 + zv. There is a Zariski open subset U Q C* 
such that (j) maps U into Y = f^^g'- iy '■ Y ^ denote the inclusion. For any 
M G Hc{W,\))-modRs, the V-modules i'^Sh{M) and iyShiResbM) satisfy 

C((z)) <g)Ou <l)\lji*YSh{M) ^ C((z)) ®Ou <P\hi*YSh{ResbM) 

as C[C] t< C{{z))[dz]-modules. In particular, the monodromies about the origin of the T>- 
modules (pUjiy S h{M) and 0|^iy5/i(i?es;,M) are conjugate, and the same is true when 
these equivariant T>-modules are pushed down to U/C. 

To prove the next result, we required the following simple algebraic geometry lemma. 

Lemma 3.6. Suppose U is an open subset (not necessarily affine) of an affine reduced 
Noetherian scheme Spec^. Suppose M. is a coherent sheaf on U such that the support of 
any nonzero m G T{U,M) contains some irreducible component of U . Finally suppose 
T{U n Z,Oz) is finitely generated over A for each irreducible component Z o/Spec^. 
Then T{U,M) is finitely generated over A. 

Proof. By Exercise II. 5. 15 of [16J, there is a finitely generated ^-module N such that 
M = Sh{N)\u. Let P denote the set of irreducible components of U. For y € -P, 
let Y denote the closure of Y in Spec^. This is an irreducible component of Spec^, 
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and is therefore an integral affine Noetherian scheme with the reduced induced scheme 
structure. Let K{Y) be the field of fractions of 0{Y), and let 

Let N' be the kernel N K (8)^^ N. If n € A^', then the support of n does not 
contain any Y G P. Therefore the image of n in T(U, Sh{N)) = T{U, Ai) is zero, so n is 
supported on Spec A\U. Thus 

Sh{N/N')\u = Sh{N)\u = M. 

Now K ®A ^ is finitely generated over iC, so it is a direct sum of finite dimensional 
vector spaces over the K{Y). We may write 



K®aN = ^K{Yi), 



, JXi 
i=l 

where Xi (z K (8)yi and Yi £ P (where Yi may equal Yj for i f). Since N is finitely 
generated over we may choose the Xi so that 

m 

N/N' C ^0{Yi)xi. 

i=l 

Therefore 



T{UM) = T{U,Sh{N/N')) C ^T{YuO 



1=1 

By assumption, the right hand side is finitely generated over A. Since A was assumed 
to be Noetherian, the result follows. □ 

We can now prove our second result relating Res}, and monodromy. 

Proposition 3.7. Suppose 6 G with Stabvi/(&) = W . Suppose M G Hc{W, P))— mod/js 
is scheme theoretically supported on SuppM. Also suppose that for each s G S\W', and 
for each subgroup W" C W' for which i)^ is an irreducible component o/ SuppM, the 
V-module MLvi"' has trivial monodromy around Z{as) n t}^ . Then for each such W" , 
the Ny/iiW")-equivariant V-module M\.w" is exactly the restriction of the Ni^j{W")- 

''rcg 

equivariant D-module ResbM\f-w" , where 

^S' = {y^i)\ stably, (y) = W"}. 

Proof. Let 

U = {y£l}\ Stabvi/(y) C W'}. 

In particular, if s G S\W' then is nonzero on U. The action p : Hc{W, f)) — > Endc(-M) 
naturally induces an action 

p' : H,{W', U) ^ Endc(0(C/) M) 

such that 

^ 2cfs) 1 

p'{y){l®m) = l®ym- —{y,as) — ® [s - l)m 

^-^ 1 — Ac Us 

s(iS\W' 



for y G f) and m G M. According to Proposition 11.21 and the above construction, M 

ihe same A^vF'(^")"6Qui variant I 
— mod/j,5 such that 

0{U) 0o{t,) N ^ 0{U) 0o{t,) M 



and 0{U) 'S'o{t)) ^ induce the same A^vF'(^")"6Qui variant P-modules on flj^g'. We will 
construct an A^ G Hc{W', t))—iaiodRs such that 
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as Hc{W', [/)-modules. This implies that 

Oh,b ®o(f,) N ^ ^o{u) {0{U) 0o(f,) M) 

as (W^' 5 Spf Of, _fc)-modules. By definition of Resb, this ensures that Res^M = N. 
Since 0{U) (^o{h) ^ - ^(^) ^©(f)) A^vF' (^")-equivariant P-modules on fjj^g 

induced by 0{U) 'iS'o{t)) ^ is the restriction of that on ijj-cg induced by A^. The result 
follows. 

It remains to construct N. Let P be the set of subgroups W" of W for which t}^ is 
an irreducible component of Supp M. Let 



U 

W"&P 



Any component of Supp M not contained in Z is contained in \ [/, so the support of 
0{U) ^o{t)) M is Z nU. By (1) of Theorem 11.41 we may replace M by a quotient of M 
and suppose that the support of any nonzero m £ T{U, Sh{M)) intersects \)^'^ for some 
W" € P. Since MLw" is locally free, any such support would then contain f) 



'rog 



W" 
reg ■ 



By assumption, if € P then the coherent P-module M\^w" has trivial monodromy 

vrcg 



around each hyperplane in ^^'^ \ t}reg'. Therefore there is a coherent Z)-module N{W") 
on 5J^g' whose restriction to {)J:^g' is M\^w" ■ Patching these with 0{U) ^^(f,) M, we 
obtain a coherent sheaf A/" on the open subset 



[/' = ([/ n Z) U J ^ 



w" 

reg 



of Z. The support of any nonzero n & N = r(C/',AA) contains f)J:^g' for some W" G P, 
and therefore contains some component of U'. Moreover for W" G P, 

f,^" \U'= (J {ye f)'^" I = y = u^sy} 

m2ew'\w" 

has codimension at least 2 in f)^ ". We may therefore apply Lemma 13.61 to conclude 
that A^ is finitely generated over 0{Z). We may identify A^ with the submodule of 
0{U) (8)c)((,) M consisting of elements whose restriction to f)J:^g' has no pole around 
Z{as), for each W" G P and s & S \ W". This condition is preserved by the action of 
H,iW', f)), so A^ G H,{W', [))-modRs. Finally 

oiu) AT = r(c/ n z,M) = o{u) ^oa,) m, 

as required. □ 

3.4. Type A. Now let W = Sn, the symmetric group Sn on n letters, acting on f) = C" 
by permuting coordinates. The reflections in this case are transpositions. As they are 
all conjugate, the function c : 5 — t- C must be constant, and we identify it with its 
value in C. Let f)/C denote the quotient of by the line fixed by W^. In this case 
we have the following simple criterion for when Hc{W, f)/C) admits a finite dimensional 
representation. 

Theorem 3.8 ([3] Theorem 1.2). Suppose n > 1. The algebra Hc{W,\:)/C) admits a 
nonzero finite dimensional representation if and only if c = - for some integer r coprime 
with n. In this case the category of finite dimensional modules is semisimple with one 
irreducible. Moreover if c = - , this irreducible is one dimensional. 

Using this with Theorem 11.4( 3) gives the following (see Example 3.25 of [4J). 
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Theorem 3.9. Suppose c = —, where r and m are integers with m positive and coprime 
with r. For each nonnegative integer q < n/m, let 

X' = \ b €^ 1} bi = bj whenever — = — < q\ and X„ = I J wX' . 

Then any module in Hc{W, i})—modcoh is supported on one of the Xg. If c is irrational 
then every such module has full support. 

We would like to determine more explicitly which irreducibles in Hc—modRs have 
which support sets. The irreducible representations of W = Sn are well known to be 
parameterised by partitions of n. Given a partition A h n, the corresponding irreducible 
is denoted tx and called the Specht module indexed by A. We will represent a partition 
A h n as a nonincreasing sequence of nonnegative integers, A = (Ai, A2, • • • , A^), whose 
sum is n, where two sequences are identified if their nonzero entries agree. If A h n and 

h m, we may obtain a partition A + = (Ai + ni, X2 + ■ ■ ■) of n + m. We first prove 
a lemma about the induction functor introduced in Theorem 13.31 



Lemma 3.10. Suppose c is a positive real number, and suppose we have partitions 
A h n and m. Let b be a point in C""*"™ whose stabiliser in Sn+m is Sn x Sm- Then 
Indi){L{T\) ® L{t^)) admits a nonzero map from M{t\j^^). 

Proof. We first prove 

Claim 1: the lowest order term in Ch[Indb{M{Tx) «> M(t/,))] is [rA+^]t''(^^+^). 

Indeed, the construction of Verma modules shows that M(t\) ®M{Tp) = M{t\^t^), 
so Theorem 13.3^ 4) implies that 

Ch[Indh{M{rx) O M(r^))] = Ch[M{Ind{Tx ® r^))]. 

The Littlewood-Richardson rule describes how Ind{T\ r^) splits into Specht modules 
for Sn+m- In particular, given partitions a and j3 of n + m, say a dominates /3, denoted 
a > /3, if 

p p 

i=l 1=1 

for all p > 1. Then 

for some coefficients c^^ G Z. Certainly Ch[M{Tx+^)] has the required lowest order 
term, so it suffices to prove that /i(tq) < /i(r^) whenever a > Recall that h{Ta) is 
the action of 

— Sjj 

on S{a). By the Frobenious character formula (see Exercise 4.17(c) of [14j), this is 



2 (■ 1 
; > —a,- — \ I 

i>l ^ 



Using the Abel summation formula, 

h{Ta) - h{Tp) = 



< 




ai + Pi + 1 _ 

- (Xi+i + A - A+i 



+ 1 
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if a > /?. Here we have used that Yl]=ii'^j ~ (^j) = for i sufficiently large. This proves 

Claim 1. From this we will deduce 

Claim 2: the lowest order term in Ch[Indb{L{Tx) ® M(r^))] is [Tx+^]t'^'-'^^+''\ 

We prove Claim 2 by descending induction on /i(A); that is, suppose it holds for 

all pairs (i^, /i) with h{iy) > /i(A). Of course this assumption is vacuous when h{X) is 

maximal, so we need not prove the base case. We have 

[M{T,)] = [L{r,)]+ Yl d:[L{T,)] 

h(u)>h{\) 

for some nonnegative integers d\. Tensoring by M{t^) and applying Ind^, and Ch, we 
obtain 

Ch[Indb{MiTx) M(t^J)] 

= Ch[IndbiL{Tx)0MiT^))]+ Yl d\Ch[Indb{L{T,)®M{T,,))]. 

h{u)>h(X) 

By Claim 1, the lowest order term in this expression is [T\-\.^t^'^'^^+^^\ However, each 
summand on the right has nonnegative integer coefficients. Therefore this must be 
the lowest order term of one of the summands. For h{v) > h{\), the lowest order 
term of Ch[Indb{L{T^) (g) M(t^))] is [Tu+fj]t^^'^''+''^ by induction. Clearly if / A then 
u + ^ X + H, so the term [T\^^]t'^^'^^+t^^ can only come from Ch[Indi,{L{Tx) <S> M(r^))], 
as required. We now conclude 

Claim 3: the lowest order term in Ch[Indb{L{Tx) ® L(r^))] is [rA+^j]t^'^'^-^+''-'. 

Indeed this follows from Claim 2 using the same argument by which Claim 2 followed 
from Claim 1. This proves that the /i(rA+^)-eigenspace of eu in Ind}j{L{T\) ® L{t^)) is 
isomorphic to tx+^ as an S'„+m-module, and is killed by f) C Hc{Sn+m, f))- We therefore 
have a nonzero C[Sn+m\ x C[f)*]-module homomorphism 

where f) is defined to act as on tx+i_i- By definition of the Verma module, we obtain a 
nonzero map 

M{Tx+f,) Indb{L{Tx) ® L{t^)), 
as required. □ 

Now suppose c = — where r is coprime with m. We say A is m-regular if no part of A 
appears m or more times. Any partition A h n can be written uniquely as A = m/i + v 
such that v' is m-regular. Let q-mi^) = 1/^1- More explicitly 

i>l 

We will eventually show, in Theorem 11.61 that the support of L{tx) is -'^^^(a) for c > 
and Xg^(^x') for c < 0. For the moment we prove one direction: 

Theorem 3.11. With c = and f) = C" as above, the support of the Hc-module L[tx) 
is contained in Xq^(^x) if c> 0, and contained in X^^f^x') if c <0. 

Proof. We denote Xq by X^ throughout this proof, as we will be considering support 
sets for other values of n. Suppose c > 0. 

Let q = qm{X), and write A = mn + v for some partitions q and v \- n — qm, such 
that qm{i^) = 0. By Proposition 9.7 and Theorem 9.8 of [5j, the support of L{Tm^j) is 
contained in Xq^. Thus the support of L{Tm^) ® L{t^) is contained in Xq"'' x C""^™ C 
Xq. By Theorem I3.3r 3). the same is true of Indb{L{Tmfj.) ® I^i^u)), where 6 G is a 
point whose stabiliser in Sn is Sqm x Sn-qm- By Lemma [3. 101 we have a nonzero map 

4) : M{tx) Indb{L{Tmp) ® L{t^)). 



Aj — Aj+i 
m 
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Now L{tx) is the only irreducible quotient of M{tx), so the image of (j) admits L{tx) as 
a quotient. Thus L{tx) is a subquotient of Indb{L{Tm^) ^ L{t^)), so its support must 
be contained in X^. This proves the c > case. 

There is an automorphism of C[l^] sending s E 5 to — s. Twisting by this automor- 
phism sends tx to Ty. Moreover it extends to an isomorphism Hc{W, t)) — )• H^ciW, f}), 
which is the identity on f) and f)*. Therefore the statement for c < follows from that 
for c > 0. □ 

Finally we will require the following classification of two-sided ideals in Hc{W, {)), due 
to Losev. 

Theorem 3.12 ([17J Theorem 4.3.1 and [12] Theorem 5.10). There are [n/mJ+1 proper 
two-sided ideals of Hc{W,\;)), 

= Jo C Ji C . . . C Jl„/,„j C H,{W, {)). 

Moreover if c> then the polynomial representation admits a filtration 

= Jo £ /i c . . . C /L„/,nJ £ C[f,] 

such that Z{Iq) = Xg and Ann^^ (^;i/(j)(C[f)]//q) = Jq. Each Iq is radical if and only if 

4. Minimal Support for Type A 
In this section we consider the algebra He = /fj, C"), and study modules in 

m 

Hc—VL\odiis whose support is the smallest possible set, namely Xq where q = \n/m\. 
In particular, we will show that the full subcategory of such modules is semisimple. We 
begin with a general lemma concerning the localisation functor for linear actions. 

Lemma 4.1. Consider a finite group W acting linearly on a finite dimensional vector 
space f). Suppose a G C[P)]'^ is a symmetric polynomial, and let U C [) denote the open 
set on which a is nonzero. Moreover suppose no nonzero module in Hc{W,\:))— modus 
is supported on the zero set of a. Then the localisation functor 

L : Hc{W, i})-modcoh ^ H^W, U)-modcoh 

identifies Hc{W,\:))—modjis with a full subcategory of Hc(W,U)—modcoh closed under 
subquotients. 

Proof. Let A denote the full subcategory of Hc{W,U)—inodcoh consisting of modules 
M such that every m S M is killed by fi^a*^ for some n. This is clearly closed under 
subquotients. 

Certainly L is exact, since C[f)][a~"^] is flat over C[f)], and its image lies in A. Con- 
versely suppose M A, and let 1^ C M be a finite dimensional subspace generating 
M over C[[)][a-^]. Multiplying V by some power of a, we may suppose that f) acts 
nilpotently on V. Since HciW,i}) = C[i)] ®c C[W] ®c C[f}*], the /^clW/", f})-submodule 
N of M generated by V is finitely generated over C[f)], and f) acts locally nilpotently 
on N. Thus G Hc{W, f))— modi^5. Moreover M is generated by A^ over C[{)][a~^], so 
M = L{N) is in the image of the localisation functor. Therefore A is exactly the image 
of L. 

Define the functor E : Hc(W, C/)— mod — )■ Hc{W, f))— mod sending M to the subspace 
E{M) C M on which f) acts nilpotently. Note that E{M) is stable under the action 
of Hc(W,i}). We will show that if M G Hc{W,\:})-modRs, then EL{M) is naturally 
isomorphic to M. The kernel of the natural map M — >■ L{M) is exactly the submodule 
^z{a){^) defined in Theorem 11.41 ^1). This is zero since we have assumed no modules 
are supported on Z(a). We may therefore identify M with a submodule of EL{M). 
Consider any v G EL{M). As above, the HciW, t})-submodule N of L{M) generated by 
V is in Hc{W, i})-modRs. Thus M' = M + N Q L{M) is also in Hc{W, f))-modij,5, and 
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L(M') = L{M). Using the exactness of localisation, we conclude that L{M'/M) = 0, 
so that M'/M is supported on Z{a). Again this implies that M'/M = 0, so v G 
M. Thus M is exactly EL{M). We have shown above that the localisation functor 
L : Hc{W,'bi)—m.odRs A \s essentially surjective, so E and L are mutually inverse 
functors. □ 

We also require the following well-known result. 

Lemma 4.2. Suppose a unital associative algebra H contains an idempotent e such that 
HeH = H . Then the Junctors 

iJ— mod eiJe-mod, M ^ eM 

and 

eHe-mod iJ-mod, N He ®eHe N 

are mutually inverse equivalences. 

Now consider the algebra He = H±{Sn,C'^)- Let 

m 

fj = C" = SpecC[a;i, . . . , 

where Sn permutes the Xi. Let q = \n/m\ and write n = qm + p, so that < p < m. 
Let i)' = C'^'^P, with coordinate ring C[f)'] = C[zi, . . . ,Zq, ti, . . . ,tp], on which Sg x Sp 
acts naturally. Define 

TT : C[f)] ^ C[f)'] 

by 

z^i/m] if i < 
ti-qm if ^ > Q'm. 



This identifies [}' with one of the components oi Xq CI). The map tt restricts to a map 
TT : C[f)]'^" — >■ C[t)']^''^^p. Unfortunately this is not surjective ii p > 0. We therefore 
localise as follows. Let [n] = {1, 2, . . . ,n}, and let 



JQW Vie J / jeJ,ifJ 
\j\=p 

Clearly ad is symmetric. Moreover using that p < m, it can be shown that 



,j = l / l<i<q 
\ / l<j<p 

Let U C. t) and [/' C f)' denote the affine open subsets on which ag and 7r(Q!o) are 
nonzero, respectively. Let A = 0{U)^'^ and B = 0{U'Y''^^p , and let : yl — > -B be 
the map induced by tt. Now B is generated as a C-algebra by 7r(Q;o)~^, X^j=iij and 
ELi 4- We have 



7 = 1 ^ ' ?=1 \ 1=1 



d P <^d 
Xi 

m ao 



so (p is surjective. Moreover since Xq is the union of the Sn translates of [}', the kernel 
of (p is {0{U)Iq)^" ^ where Iq is the ideal vanishing on Xq. 
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Now consider the idempotents 

e = ^Y^we C[Sn] C H,{Sn, f)) C HciSn, U), 

where (m, c) indicates the function which takes the value m on transpositions in Sq and 
c on those in Sp. For convenience, we omit the subscripts c and (c, m) for the rest of 
this section. It is known (see Corollary 4.2 of [4J) that H{Sn,i})eH{Sn,i}) = H{Sn,i)), 
so that H{Sn,U)eH{Sn,U) = H{Sn,U), and M eM is an equivalence of categories 
from H{Sn,U)-mod to eH{Sn,U)e-m.od by Lemma 14.21 Similar results hold for e' . 
In particular the faithful action of H{Sq x Sp, U') on 0{U') gives a faithful action of 
e'H{Sq X Sp, U')e' on B. Also 0{U)Iq is an H{Sn, [/)-submodule of 0{U) by Theorem 
5.10 of [ig, so eH{Sn,U)e acts on A/ker^ ^ 

Proposition 4.3. T/ie image of the homomorphism a : eH{Sn,U)e Endc(-B) de- 
scribing the above action is exactly e'H{Sq x Sp,U')e' C Endc(I?), and the kernel is 
generated by elqC. 

Proof. Let {2;^} and be the bases of f) and f)' dual to {xa} and {zjjtj}. For 

d > 0, let 

n 

Px{d) = J2xi 

a=l 

and similarly for pt, Pz, Px"^ , Pz'^ ■, Pf^ ■ It is known that eH{Sn, f))e is generated as an 
algebra by eC[{)]e and Pa;v(2) (see the proof of Proposition 4.9 of [11], and Corollary 4.9 
of pj). It follows that eH{Sn,U)e is generated by Ae and p2;v(2)e, and that 

e'H{Sq X Sp, Uy 

is generated by Be', Pz'^{2)e' and ptv(2)e'. For f,gGA, we have 



a(/e),/.(5)=0(/5) = '/'(/)</'(5), 

so the image under a oi Ae C eH{Sn,U)e is Be' C e'H{Sq x Sp,U')e' . Next, recalling 
that ^ : A is the restriction of tt : 0{U) 0{U'), we show that 

(f^ f\ /^^%'^(/) if7r(xa) = ^i, r 

ifvr(xa)=tj 

Indeed, this holds when / = Px{d), since 

-dz-<i){p^{d)) = ^dzAmPzid) +Pt{d)) = dzf-' 
fYi t m ^ 

and 

dt-<l}{Px{d)) = dtv{mpz{d) +pt{d)) = df'-K 

3 3 

Now as functions of /, both sides of ([T]) are C-derivations from A to 0{U'). Therefore 
([1]) holds on the subring generated by the Px{d), namely C[f)]'^", whence it holds on 
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C[t)f"[aQ'^] = A. Now for f e A we have 



Px 



'(2)/ = E^a^-^/ 



a=l 

5x.V f — d^V f 

= AJ-c^^ ^i^, 

a=f:b 

where A^; denotes the Laplacian in the variables Xa- Similar formulae hold for the 
actions of Pzv(2) and pt^{2) on B. Define P G e'H{Sg x Sp,U')e' by 

P = ip,v(2)e'+p,v(2)e'-2 J] -J— ( - A e' . 
m ^-^ Zi—tj\m j 



\<i<q 
l<j<p 



Note that 



Zi-tj \m ^ 

l<i<q ' J \ 

l<j<p 

is symmetric under Sg x Sp, so final sum is an element of e'H{Sq x Sp, U')e' , though the 
individual summands are not. We claim that 

'A(p.v(2)/)-P0(/) = O 

for f £ A. We first show that the left hand side is a derivation. Indeed 

HPxAma)) = </'(^/Pxv(2)<7 + 5P.v(2)/ + ^(a,v/)(a,v5)j 

= 4>{mp.-m9)+H9mPx-{2)f) 

i j 

using ([1]). Also 

P{fg) = fP{9) + gPU) + E + Y.idt)f){dt)9)- (2) 

Subtracting, we see that (j){px'^{2)f) — P(j){f) is indeed a derivation in /. By the same 
argument as above, it suffices to check the equation when / = Px{d). We calculate 



If 7r(xa) = 7r(xfe) = Zi, then 



vr 



^b 1 _ „ / „j ^d-2-i \ _ t \ ^d~2 

Xf) 
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Therefore recalline; that c = — , 

(^(p^v(2)pa;((i)) 

= d{d- l)(mp^(d - 2)+pt{d-2)) - cd{d - l)m{m - l)pz{d - 2) 



cdrn^ 



d-i d-i 



Zi Zji 



d{d - l)pz{d -2) -mdJ2 



zf-' - zt' 



+ 



d{d - l)pt{d - 2) -cdY^ 



,d-l _ ,d-l 



2d^ 



d-i _ .d-i 



dz'^Pz{d) — dtvpi[d) 
= V (2)p, (d) + ptv {2)pt {d)-2}2 — — ^ 

= P{mpz{d)+pt{d)) 

= p<P{pM), 

as required. Therefore Imcr is the subalgebra of Endc(-B) generated by Be' and P. Now 
^ shows that for fe' G Be' C e'H{Sq x Sp, U')e', we have 

[P, fe'] = P{f)e' + ^{dzvf)zre' + Y,{d,.f)t)e'. 



In particular, 



[P,7r(ao)e'] = P(vr(ao))e'+ 



m7r(ao) / 1 



l<i<q ' J 
l<j<p 



Therefore Imo" contains 



m7r(ao) 



([P,^(Qo)e'] - P{7T{ao))e') = -pzv{2)e' + pt-{2)e' 



m 



We also have 



[P,p,(2)e'] = P(p.(2))e' + - z.z^' 



so Imo" contains 



-Pzv{2)e' +pt-{2)e',y^Ziz]'e' 



m 



-Pz-{2)e'. 



Thus Imo" contains Be' , pz^{2)e' and ptv(2)e', so it is exactly e'H{Sq x Sp, U')e' . 

Finally since H{Sn,U)eH{Sn,U) = H{Sn,U), the two-sided ideals of the algebra 
eH{Sn,U)e are in one to one correspondence with those in H{Sn,U). The latter are 
determined by their inverse image in H{Sn,^)- Clearly the kernel of a is proper and 
contains e/^e, so by Theorem 13. 121 it is generated by elge. □ 

We have identified f)' with a subspace of f), and the stabiliser of a generic point of fj' 
in Sn is a natural copy of Sm ^ Sn- Let fj^eg denote the elements of t)' with exactly this 
stabiliser. Note that f)^gg is contained in U, since the zero set of 

vrM=p n i^i-hr 

l<i<q 
l<j<p 
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consists of elements whose stabiliser in 5„ is at least as large as Sm+i x . Also note 
that the normaliser subgroup Ns„{Sm) C Sn acts on Each coset of Sm in Ns„{Sm) 
has a unique representative of minimal length, and these representatives form a subgroup 
isomorphic to Sg x Sp. The induced action of Sq x Sp on [)' = Spec C[zi, . . . , Zg,ti, . . . ,tp] 
is the natural one. We now use the homomorphism a to analyse the subcategory of 
iif(S'n, f))— mod^^ of minimally supported modules. Some of this information is gener- 
alised by Theorems 11.81 and II. 6i 

Theorem 4.4. Let H{Sn,i})—Tnaod'j^g be the full subcategory of H{Sn,i))—ixiodjis, con- 
sisting of modules supported on Xq . There is an equivalence of categories 

F : H{Sn, W-mod?js ^ H{Sq x Sp, -modus, 

such that 0{t)'^^g) ^ - ^{Keg) ®cm F{M) as £.[Sq x Sp] x D{\:)[^^) -modules. In 
particular, H(Sn, {))— mod^^ is semisimple, and its irreducibles are exactly the L{t\) for 
which Qmi^) = Q- 

Proof. Let eH{Sn, U)e—modcoh denote the full subcategory of eH{Sn, C/)e— mod consist- 
ing of modules finitely generated over eC[f)]e, and similarly for H{SqX Sp,U'). Recall the 
equivalences H{Sn,U)—modcoh —> eH{Sn,U)e—modcoh and H{Sq x Sp,U')—modcoh 
e'H{Sq X Sp,U')e' —modcoh] we denote the functors by e and e' . By Lemma l4.H 
we also have localisation functors L : H{Sn,i))—iniiodRs H{Sn,U)—inodcoh and 
L' : H{Sq X Sp,l)')—modfis — > H{Sq x Sp,U')—inodcoh which identify their domains 
with full subcategories of their codomains closed under subquotients. Finally the pre- 
vious proposition gives a functor a* identifying e'H{Sq x Sp, U')e' —modcoh with a full 
subcategory of eH{Sn, U)e— modcoh-, again closed under subquotients. 

H{Sn, \])-m.odRs^ ^ H{Sn, U)-m.odcoh e'H{Sg x Sp, U')e'-modcoh 

cr* 

H{Sq X Sp, f)')-modRs^-^ H{Sg x Sp, U')-modcoh ^ e'H{Sq x Sp, U')e' -modcoh- 

Note that these functors are all exact. We make the following claims about them: 

Claim 1: If M G H{Sn, fl)-mod^g, then the O-coherent P-module C'(f}reg) (8)c[f,] M 
on f)J,gg has regular singularities and trivial monodromy around each irreducible compo- 
nent of Z{ao) n f)'. 

Claim 2: If G H{Sq x Sp,U')— modcoh is such that the O-coherent 2?-module 
^Wreg) ®0{U') ^ oil Keg regular singularities and trivial monodromy around each 
component of Z{ao) n f)', then N ^ L'{N') for some N' G H{Sq x Sp, {}')-modRs. 

Claim 3: If M G H{Sn,U)— modcoh and N G H(Sq x Sp,U')— modcoh are such 
that eM = a*e'N, then the Sq x 5p-equivariant D-modules O(f)rcg) ®c>{U) ^ and 
C(f)reg) ®0{U') ^ on fi^gg are isomorphic. 

Let us first see how these results imply the statements of the theorem. The composites 
eL and a*e'L' identify H{Sn, f))— mod^^ and H{Sg x Sp, f)')— modijg with full subcate- 
gories of eH{Sn, U)e— modcoh closed under subquotients, which we call the images of eL 
and a*e'L'. Now consider any M G H{Sn, fl)— mod^^. Theorem 13.121 shows that Ig kills 
M, so eL{M) is killed by elgC, and therefore by the kernel of a. Thus eL{M) = a*e'N 
for some G L[{Sg x Sp, U')— modcoh- By claim 3, 

^(fl^cg) N ^ 0(fi;eg) ®oiU) L{M) ^ 0(f);,g) M 

as Z)(f)(,gg)-modules. By claim 1, this P-module has regular singularities and trivial 
monodromy around each component of Z{ao) fl f)'. Therefore by claim 2, N = L'(N') 
for some N' G H{Sg x Sp, f)')-modR5, so that eL{M) ^ a*e'L'{N'). This proves that the 
image of eL is contained in that of a*e' L' , so there is an exact fully faithful embedding 
F : i/(S'„, f))— mod^^. — )■ H{Sq x Sp,\]')— modus such that eL = a*e'L'F, and whose 
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image is closed under subquotients. Now H{Sq x Sp, f)')— mod/j^ is semisimple and has 
PqPp (isomorphism classes of) irreducibles, where p„ is the number of partitions of n. 
On the other hand, by Theorem 13.111 the PqPp distinct irreducibles 

{L{Tjn\+,y) \ q, uh p} 

lie in H{Sn, i}) — mod^(j. It follows that F is an equivalence of categories, and that the 
above are all of the irreducibles in H{Sn, f))— mod|j^. Finally for M G H{Sn, f))— mod^^^, 
we have eL{M) ^ a*e'L'F{M), so claim 3 implies 

OiKes) ®CM M = 0(f);,g) (g)a(u) m) = OiKes) ®oiU') L'F{M) = 0^,,^) 0c[W] ^(^) 

as Sq X 5p-equivariant D- modules on P)(,gg. It remains to prove the three claims. 

Proof of claim 1: Fix M G H{Sn, f))— mod^^. By assumption, O(f)reg) ^c[ti] ^ has 
regular singularities. Let 6 G {)' be a "generic" point of Z{ao) fl I)', that is, a point whose 
stabiliser is W = Sm+i x S"^^. By Proposition ESI it suffices to show that the H{W', t})- 
module = ReshM is such that 0({)(,gg) (8>c[h] ^ trivial monodromy around b. This 
depends only on the action of H{Sm+i,C"^) C H{W', fj), so we may suppose n = m + 1. 
But N has minimal support by Theorem 13.3( 2). The proof of Corollary 4.7 of [1] shows 
that the only irreducible in Hc{Sm+i,C'^)—modRs with minimal support is L{C), where 
C denotes the trivial representation of Sm+i- Moreover Lemma 2.9 of [15] shows that 
Ext^(L(C),L(C)) = 0, so iV is a direct sum of copies of L(C). Thus 0(1)'^^^) (g)c[i,] N is 
a free module with trivial connection, and in particular has trivial monodromy. 

Proof of claim 2: Suppose G H{Sq x Sp,U')—modcoh has the given properties. 
Let U" C [)' denote the subset of points with trivial stabiliser in Sq x Sp, so that 
f)reg = U' n U" . Then Sh{N)\^i^^ is an O-coherent P-module on \][^^ with regular 
singularities and trivial monodromy around Z(7r(ao)), so it extends to an O-coherent 
P-module M" on U" with regular singularities. We may glue Sh[N) and N" to obtain a 
coherent sheaf TVi on U'UU" . Note that the complement of U'UU" in [}' has codimension 
2, so T{U'UU", Of,/) = C[f)']. Also M" is torsion free since it is an O-coherent P-module. 
Therefore A/i is torsion free, so Lemma 13.61 shows that 

N' = r{u' uu",Mi) 

is finitely generated over C[{)']. Also H{Sq x Sp,U") = D{U") acts on M" consistently 
with the action of H{Sq x Sp, U') on A^, so we obtain an action of H{Sq x Sp, f)') on A^'. 
Finally since Af'\u" = A/"" has regular singularities, we have A^' G H{Sq x Sp, t)')—modfis 
and L'{N') = 0{U') ^c[h'] ^' = ^• 

Proof of claim 3: We have a natural C[Sq x Sp] x Z)(f)(,gg) action on 0(1)'^^^) 'Sio{u') 
H{Sq X Sp, U') given by 

w{f ® a) = ^f (^wa 

and 

Vy(/ (8)a) = y{f) ^a + f^ya-Y^ Cs{y,as)— (s - l)a, 

seS' " 

where S' C SqX Sp is the set of refiections. For A^ G H{Sq x Sp, [/')— modcohi the natural 
isomorphism 

O(flrcg) ®0{U') H{Sq X Sp, U') 0HiS,xS„U') N ^ 0{i)',,^) ^o{U') N 

preserves the equivariant L'(f)(,gg)-module structures by Proposition 11.21 By Lemma [4. 2 1 
we may write the above as 

O(f)rcg) N = L' ®e'H(S,xS,,U')e' e'N, 

where L' is the {C[Sq x Sp] x D{i)'^^^), e' H{Sq x fi-p, C/')e')-bimodule 

L' = 0({);,g) (^om H{Sq X Sp,U')e'. 
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Since H{Sq x Sp, U') = 0{U')C[{\)'y]C[Sq x Sp], we have 

L' = ©(fi^eg) ®o{U') H{Sg X Sp, U')e'H{S, x Sp, U')e' 

= o{\)[,^) ®o[u') m'WH{s, X Sp, uy 

= U ^C^-g) ®0(f/') C[([)')*]^"e'i/(S, X C/')e'. 



d>0 



But 



so 



f ®ya = Vy{f ®a) - y{f )®a + ^ Cs{y,as)— (s - l)a, 



^(Dieg) ®0(t/') C[([)')*]^^+'e'i7(5, X 5p,C/')e' 

c D(f,^^g)o(t);^g) c[(f)')*]^''e'i/(5, X uy. 

Since C[(f}')*]-'' = C, it follows that L' is generated as a bimodule by 1 (8) e'. Now 
H[Sq X 6*^, ?7') acts faithfuhy on 0{U'), so we have an injection 

H{Sq X 5p,;7')e' Homc(e'O(;7'),0(t^'))- 

Note that e'0{U') = C)(C/')^'jX^p = B. Also C'(f);eg) is flat over 0{U'), so we obtain an 
inclusion 

i:L'^Homc(S,0(b;eg))- 

Now C[Sq X 5p] K /^(fl^eg) and e'H{Sq x 5p, ?7')e' act on Romc(B, 0(1)',^^)) from the left 
and right, respectively, via their inclusions in Endc(0(f)rcg)) and Endc(i3), and i is a 
homomorphism of bimodules. Finally i(l (g) e') is the natural map (p : B ^ ^Wreg)^ 
L' is the sub-bimodule of Homc(-B, C'(f)reg)) generated by (f). 

Similarly ©(fj^gg) iSioiu) H{Sn, U) admits an action of C[Sq x Sp] K D{i)'^^g) given by 

w{f (g) a) = "'Z (g) u;a 

and 

Vy{f ^a) = y{f)^a + f i^ya ^ (y,as) — (g (s - l)a, 

where S C is the set of reflections. Wc arc now identifying Sq x Sp with a subgroup 
of 5"^ as discussed before the theorem. Again for M G H{Sn,U)—modcohj we have a 
€[5^ x Sp] K D(f)^gg)-moduIe isomorphism 

C(breg) ®0(C/) ^ = <^(f3reg) ^(^n, C/)e ®e/f(5„,C/)e 6^. 

Therefore if eM ^ (7*e'Ar, then 

where L is the {C[Sq x 5p] x D({);gg), e'//(5g x C/')e')-bimodule 

L = 0(t);eg) (8)oiu) HiSn, U)e ®eH{Sr.,u)e e'H{Sq X Sp, uy. 
The exact sequence 

eH{Sn, U)IqH{Sn, U)e ^ eH{Sn, U)e e'H{Sq x Sp, U')e' 
gives rise to a right exact sequence of right eH{Sn, C/)e-modules 

0{Keg) ®0{U) H{Sn, U)IqH{Sn, U)e ^ 0{\)[,^) ®o(u) H{Sn, U)e 4. L, 
since H{Sn, U)eH{Sn, U) = H{Sn, U). As above, we have 

0{Keg) ®o(u) H{Sn, U)e = (j Oii)[,^) ®o{u) Cm^^eHiSn, U)e. 

d>0 
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Now f) is spanned by tj' and — xj, for all i ^ j such that Xi — xj vanishes on t)' . 
Fix such i and j, and let g € C[f)] vanish on all components of Xg except such 
that g is nonzero on f)(.gg. Then *'^/ — / is divisible by for any / G C[f)], so 

giySij — 1) G H{Sn,i)) sends C[{)] into Ig. But the annihilator of C[f)]//q in if(5„,f)) is 

HiSn,i})IgHiSn,i)), SO 

H{Sn,U)IgH{Sn,U) 3 [x)^,g{sij - 1)] = - 1) + g{x^ - x))sij. 

Note that [x]^,g]{sij - 1) € C[f}]C[S'„]. But 5 is invertible in 0{\)[^^), so 

X^ - X) G 0(l);eg) ®m H{Sn, U)IgH{Sn, U) + 0{i)',,^)C[Sn], 

whence 

C?(li;eg) C[[i*]^'^+ieF(5„, U)e C 0({);,g) f^'Ciri^-^eZ/C^n, U)e 

+ ^(f^ieg) C[r]-''e//(5„, U)e 

+ O(f)ieg) ®C^(f/) ^(^«' U)IgH{Sn, U)e. 

Applying p, and using the same argument as above, we obtain 

P (0([)reg) ^Oiu) C[r]-'+'ei/(5,, f/)e) C D([)^,g)/5 (o(f)ieg) C[r]-'eF(5„, C/)e) 

Thus L is generated as a bimodule by p(l ® e). Finally H{Sn, U) acts on 0{U) / IgO{U) 
with annihilator H{Sn,U)IgH{Sn,U), so we have an inclusion 

//(Sn, U)e/H{Sn, U)IgH{Sn, U)e ^ Uomc{e{0{U)/IgOiU)), 0{U)/IgO{U)) 

of (0(C/)//gO(C/),e/7(S„,f/)e)-bimodules. Note that e{0{U) / IgO{U)) = B. Since 
0(f)J.gg) is flat over 0{U)/IgO{U), we obtain an inclusion 

j ■.L^Romc{B,0{t)',,g)) 

of (0(f)J.gg), e'i?(S'g X 5p, C/')e')-bimodules. Again j preserves the left action of 

C[Sg X Sp] X Z)(f):,g), 

and sends (8) e) to (?!), so L is the sub-bimodule of Homc(-B, 0(f}rcg)) generated by (j). 
In particular, L = L' as bimodules, so 

C([)reg) ®0(C/) M ^ L ®e'H{S,x5„C/')e' ^'A^ = L' (^e' H{S,xS„U')e' e N ^ 0{\)',,^) 0o{W) N 

as C[Sg X Sp] X Z)(f)^gg)-modules, as required. □ 

5. The Monodromy Functors for Type A 

We continue to study the case = S^, f) = C" and c = ^. Previously we studied 
the modules in He— modus supported on Xg, where q = [n/m\. Now let q be any 
integer satisfying < qm < n, and let Hc—mod'^j^g denote the Serre subcategory of 
Hc—modRs consisting of all modules supported on Xg. Our goal in this section is to 
construct an equivalence of categories from He— m.od'j^g / He— m.od'^^^ to the category of 

finite dimensional representations of a certain Hecke algebra (where Hc-mod^^™'^'^^ is 
the subcategory containing only the zero module). From this we will deduce Theorem 
01 

Let us fix an integer q as above, and put p = n — qm. Consider the natural copy 
Sm C Sn, and put f)' = f)'^™ and fj^gg = fj^'g. As in the previous section, we may identify 
t)' with SpecC[2;i, . . . ,Zg, ti,. . . ,tp] via the map 

TT ■.C[i}]^C[zi,...,Zg,ti,...,tp], n{xi) = ly^'^'^ 

I ti-gm if I > qm. 
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Note that f)' is one of the components of Xq C f). By Proposition [TT21 we have a functor 

Loc^ : Hc-mod%g €[5"^ x Sp] k D {\)[^^)- mod rs, 

M ^ 0(f)^,g) M, 

where C[5g x Sp] x L'({)(,gg)— mod/js denotes the category of coherent Sq x 5p-equivariant 
L'(f)(,|,g)-modules with regular singularities. 

Lemma 5.1. The functor Lod^ is exact, and induces a faithful functor 

i^c-mod^g/i^c-mod^"^^ C[Sq x Sp] x D{\j'j.^g) -modus, 
which we also denote by Lod^ . 

Proof. Any M G i^c— niod^^ is annihilated by some power of Iq. By Theorem \'6.V1\ 
IqM = 0. Let h be any point in {)(.gg, and let U denote the affine Zariski open set 

f7 = {x G f) I 7^ whenever hi ^ bj}. 

Then U = U r\ Xq = fi^^g, so IqO{U) 0{U) O(f)reg) is right exact. Thus 
0{U) (g)c[(,] M ©(f^reg) <8c[f,] M is an isomorphism. Since M i-> ©(C/) M is exact, 
so is Lod^. Clearly the objects killed by Loc'^ are exactly those in Hc—mod?j^g . The 
result now follows from general categorical considerations. □ 

We now want to determine the "image" olLoc'^. The Riemann-Hilbert correspondence 
[7] gives an equivalence of categories 

C[Sq X Sp] X D{\][^^)-modRs ^ D%^JSq x Sp)-modRs 

^ T^liKeJSq X S'p)-modfd, 

where the latter denotes the category of finite dimensional representations of the group 
'^iWre^/Sq X Sp) over C. Let (j) denote the composite functor. Under the identification 
f)' = SpecC[zi, . . . , Zg, ti, . . . , tp] = C^"*"^, the open subset \][^^ consists of points with all 
coordinates distinct. By the correspondence between covering spaces of fj^gg/S'g+p and 
subgroups of 7ri(f)^gg/5g+p), we have a homomorphism 

^^ : Sq+p) Sq+p, 

and 7ri(f)^pg/S'g x Sp) = ^~^(5q x Sp). The fundamental group 7ri(f)^gg/S'g+p) is known 
as the braid group Bq^p. We need to describe some explicit elements of Bq^p. Suppose 
xi, X2, . . . , Xqj^p G C are the vertices of a convex (g + p)-gon in the complex plane, listed 
counterclockwise. We take the point 

X=(xi,X2,...,X,+p) GC^+^'^{)' 

as the basepoint of vri(f}(.<jg). Suppose l<i,j<q + p and i ^ j. Pick e > such that 
2e\xi — Xj\ < \xi + Xj — 2xk\ for all k. Let jij : [0, 1] f^^gg be the path 

I ^(sjjX + x) + iee2^*'^^*~ 2)(x — Sjjx) otherwise. 

from X to SijX. Geometrically, as 'jij is traversed, Xj and Xj switch positions linearly, 
traversing small semicircles counterclockwise around ^(xj + Xj) to avoid intersecting. 
Pushing this path down to f)J,gg/5g+p gives an element Sij G Bq^p such that n{Sij) = Sij. 
Note that there is a unique component Z of tj' \ f)(,gg passing through ^(sijX + x), and 
for M G C[Sq X Sp] X Z)(f}J.gg)— modij5, the action of Sij on (j){M) is conjugate to the 
monodromy around Z of the induced local system on i^'j-eg/Sq x Sp. 

Lemma 5.2. We have a surjection 7ri(f}J,gg/5q x Sp) BqXBp whose kernel is generated 
by {Sfj \i<q,j>q}. 
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Proof. Let Ug C and Up C denote the open subsets on which all coordinates are 
distinct. We have a natural continuous map f)(,gg Uq x Up, and the natural action 
of Sq X Sp on the latter space makes this map equivariant. We may therefore identify 
PlJ.gg/S'g X Sp with an open subset of (Uq/Sq) x (Up/Sp), and the complement Z is the 
image of 

{x G X {7p C C''''"^ I Xi = Xj for some i < q, j > q}- 

Note that (Uq/Sq) x (Up/Sp) is a smooth complex variety, and Z is an irreducible 
divisor. Moreover Z is invariant under the action of M*, and is therefore contractible. 
Van Kampen's Theorem now gives a surjection 

-^MJS, X Sp) ^ TTl{{Uq/Sq) X (Up/Sp)) = Bq X Bp, 

whose kernel is generated by a loop around Z. That is, the kernel is generated by Sfj 
for any i < q and j > q. □ 

The group Bq has a standard presentation; namely it is generated by | 1 < 

i < q} subject to the braid relations 

5'i,i+i5j4.i^j-i-2'S'i,i+i = S'i+i^i+25'i^i+i5i+i^j+2, 

5*4,4+15^^-1-1 = 5'jj-(.i5'i,j-(-iif |i — j| > 1. 

The kernel of Bq — )■ 5^ is generated by {Sfj}. For any q G C*, the Hecke algebra of type 
Ap^i is the algebra 

H^(Sp) = C[Bp]/{(S,, - 1)(S,, + q)). 

We will take q = e^'^*/™. Combining the above, we have a surjection 

iP : C[ttMJS, X Sp)] ^ C[Sq] 0c H^{Sp) 

whose kernel is generated by 

{4 -l\i<qov j <q}U {(Sij - l)(Sij + q) I i, i > q}. (3) 

This gives rise to a fully faithful embedding 

ip* : C[Sq] (g)c Hq(Sp)-modfd 7ri(f)^gg/5g x 5p)-mod/d, 

whose image is the full subcategory A of 7ri(f)J,gg/5q x 5p)— mod/d consisting of modules 
on which the relations ([3]) vanish. 

Lemma 5.3. The composite functor (pLoc^ sends each module into A. 

Proof. Consider any M € Hc—To.od'^j^g. We must show that each of the relations ^ 
vanish on (f>Loc'^(M). That is, for each component Z of f)' \ f)(.gg, we must show that 
the monodromy of the induced local system on i)'j-eg/Sq x Sp around Z satisfies the 
appropriate equation. Let b £ Z he a "generic" point, that is, chosen from Z so that its 
stabiliser W' C 5„ is minimal. By Proposition 13.51 it suffices to prove the appropriate 
equation for the monodromy of the local system corresponding to A'^ = ResbM. There 
are three possibilities, depending on which two coordinates we have set equal. 

Case 1: W' = Sm"^ x 5'2m- We are required to show that the monodromy of the local 
system on f)J,gg (ignoring the equivariance structure) around Z is trivial. The monodromy 
depends only on the action of Hc(S2m: C^™) C Hc(W' , f)), so we may suppose n = 2m. 
But N has minimal support by Theorem 13. 3l f2). By Theorem |331 it suffices to consider 
the module F(N) € i/m(5'2, C^)— mod^js. However, the latter category is semisimple 
with irreducibles L(r(2)) and L(t(i i)), so it suffices to check that these modules give rise 
to local systems with trivial monodromy around the diagonal. This is clear from the 
description of the connection given in Proposition 11.21 

Case 2: W' = 5*^^"^ x Sm+i- Again we must show that the monodromy of the local 
system on P)' around Z is trivial. Now the monodromy depends only on the action of 
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Hc{Sm+i, C™+^) C Hc{W', f)), SO we may suppose n = m + 1. The result follows as in 
the proof of Claim 1 in Theorem 14.41 

Case 3: W = Sm x 82- This case is well known (see [15] Theorem 5.13) but we 
give the calculation here for convenience. Now the monodromy depends on the action 
of Hc{S2,C'^) ^ Hc{W',\:^), so we may suppose n = 2. Since t) acts locally nilpotently 
on N, we can find a surjection 

{H,{S2,C^)/H,{S2XVf' 

for some k and /. We may replace N by the former module. Then 

V = {C[S2] ^cC[r]/f)')®' CiV 

freely generates over C[t}] and is invariant under the actions of t) and 82- By Propo- 
sition [L2l the corresponding D-module on fjreg is freely generated over 0{\:)reg) by V, 
and has connection 

{y,as) , 
VyV = yv c[s — l)v 

for V (z V, where 5*2 = In particular, the residue of this connection acts as 

on the 1-eigenspace of s in V, and as 2c on the — 1-eigenspace. Therefore after pushing 
down to i)/S2, the monodromy acts as 1 on the 1-eigenspace and —e^'^^'^ = — q on the 
—1-eigenspace. This proves the required relation. □ 

Proposition 5.4. The functor Loc'^ induces an equivalence 

Hc-mod^g/Hc-mod'^j^g ^ c^-^A. 
Proof. By the above lemmas, Loc'^ induces a faithful functor 

He— m.od'^^g / He— m.od'^^g — )• (p^^A, 

and it remains to show that this functor is full and essentially surjective. Both statements 
will follow from the existence of a functor G : (f)~^A — >■ iJc— mod^^ such that Loc'^G is 
naturally equivalent to the identity functor. This will take some work, so we proceed in 
a sequence of lemmas. 

Lemma 5.5. Let N Sn denote the normaliser of the subgroup Sm Q Sn, and choose a 
set C of left coset representatives for N in Sn- Let f}-*- denote the orthogonal complement 
to \)' with respect to the natural Sn-invariant inner product onl) = C". There is a functor 

G : C[S, X Sp] X I?(f);,g)-mod,j5 ^ HeiSn, [))-mod 

such that 

GM ^ C[Sn] ^c[N] M=^wM 

wee 

as an Sn-module, and the actions of x ^ \]* and y € f) are given by 
x{w <Si v) = w0Tr{x'^)v, 

y(w(Siv) = w (S^Vp(yw)V - — (y'^ ,Xi - Xj){w + wsij) (g) — — -v, 

i,j ^ J' 

where tt : C[f)] ^ is as above, and p : [) t)' is the projection with kernel f)-*-. Note 
that if irlxi) 7^ ^{xj), then 7r(xj — Xj) is invertible in 0(f)(,gg). 

Proof. Under the natural identification fj' x f)^ = f), the set f)(.gg x f)^ is identified with 
an open subset U C Ij. Let 

tj = SuXnU = Y[wU. 

wee 
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We have a natural etale morphism [7 ^ P), so by Propositions 12.3 1 12.41 and 12.61 we have 
algebra homomophisms 

H,iSn,i}) ^ H,{Sn,U) ^ Mat[5„,jv](C[iV] ^cis?^] H,iSl,Spi du,i,'J), 

But 

H,{Sl,Spidu,i,'^J = dufy'^^^ ®o{U) HciSl,U) = {lhnO{U)/l') ®oiu) Hc{Sl,U), 

where / C 0{U) is the kernel of 0{U) ©(fj^eg)- Since U ^ fj^^g x fj-^, we have 

H,{S?,,U) = H,{Sl,t)^)®cDil)',,^). 

Moreover f)-*- = (C™/C)'^, so by Theorem 13.81 and Lemma [3. II we have an algebra homor- 
morphism Hc{Sm, i)^) C whose kernel contains (f)^)*- This induces a homomorphism 

which kills IHc{Sm, f)^) <8>c ^Wvcg)- This therefore factors through the completion, and 
we obtain 

C[N] ^^ysu HciSl,du,^'J ^ C[N] Kc[5^] D{t)[^^) = C[N/SU x 
Since N/Sm = Sq x Sp, we obtain functors 

C[5, X 5p] K Z)(f,;,g)-modRs ^ C[N]^c[s?^]H,{Sl,dufy'J-mod 

- Mat[5,^^;v](C[iV] xct^-^] H,{Sl,duM J) -^od 
Fc(5'n,f))-mod. 



Let G be the composite functor. Following through the construction in Proposition 12.61 
we see that GAI is exactly as descibed in the statement. □ 

Now let 

m—l 
j=0 

These form the basis of t}' dual to the basis {zi,ta} of ((}')*• As in the previous section, 
denote 



p,v(2)=^(x,^)2GFe(5„,f)), 



i=l 



and similarly for p^v (2) and p^v (2) 



Lemma 5.6. The element eu € Hc{Sn, f)) acts locally finitely on GM. Also px'^{2) acts 
on symmetric elements of GM via the formula 

Pa,v(2) w ^ V = w<SiCv, 
where C G D{[)'j.^^) is the differential operator 

m Zi- Zj m ^ Zi - ta m ^ ta - tf, 

Proof. Consider the Euler vector field 

q r 
i=l i=l 
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This acts locally finitely on M by Lemma 13.21 Calculating the action of the Euler 
element eu G i?c on G M C GM gives 

nin — 1) 

eViV = VeV V. 

* 2m 

Since eu centralises Sn, we conclude that eu acts locally finitely on GM. The second 
statement also follows by a straightforward calculation. □ 

Clearly the support of GM lies in Xg, and C([)reg)(8)c[f,] = M. If GM were finitely 
generated over C[f)], this would be the required module in i?c— mod^^.. Unfortunately 
it is too large. We will construct the required module GM as a submodule of GM. For 
each irreducible component Z oi i)' \ f}rgg, let xz G (()')* be an element with kernel Z. 
Let 

z 

Note that the zero set of a is exactly f)' \ P)[,gg. 

Lemma 5.7. For eac/i component Z of I)' \ f^^eg; ^/lere is a subspace DzM C M satis- 
fying: 

(1) DzM is functorial in M , 

(2) DzM is preserved by the actions of ( and 7r(C[f)]'^") C C[f)'] 

(3) If U Q i)' is a Zariski open subset such that V C 0{U fl ()reg) <X'o(f,^^ ) M freely 
generates 0{U fl f^^eg) '^©(fj^.j.g) -M over 0(?7 n f^J-eg), i/ien setting 

U' = C/nint((i;gg U Z), 

we /lawe DzM C x^^^C'([/')y /or some integer K. 

(4) //M G i/ien M^-^^^f = C[a-i](L'zM)^''^'^''. 

Proof. Choose a generic point 6 G Z with stabiliser W' C 5'„. Let i? C f)' be an open 
ball around h which doesn't intersect the other components of f)' \ i][cg- Since Z C f)' 
is a codimension 1 complex subspace, ■ki{B n fjreg) = Let B ^ B n f)(.gg denote the 
universal cover, and let Ojp and O^" denote the rings of analytic functions on B and B 
respectively. Now O^" ®0(f)rcg) ^ naturally an analytic O-coherent P-module on B. 
Since B is simply connected, we have 

where Mfiat C O^" <^ci(f)Jcg) ^ ^'^^ '^P^*^^ sections. Let i : M O^" '^ci(f)^cg) ^ 

denote the inclusion. Again we consider three cases, depending on which two coordinates 
are equal on Z. 

Case 1: W' = S?n^ 5*2, so Z is the kernel of xz = ta-tbe (i)')* . Let s £ SgXSphe 
the transposition switching ta with t^, and let O*^'^ denote the subspace of O^" fixed 
by s. We may think of ' as consisting of functions involving only even powers of 
Xz- Let A = ^ + 1, and let 

DzM = t-^ [o'^^'^Mfiat + x',0%-'-'Mfiat) , 

noting that x^ is a well-defined function in O^". We first check that this is independent of 
the choice of b and B. Suppose b' and B' are chosen to satisfy the same conditions. Since 
f)J:^g is connected, we may find a path joining b to b', and some tubular neighbourhood 
T of this path in ()' will contain B and B', such that the inclusions B {)J.gg ^ T fl f)(.gg 
and B' D I)' ^ T fl f)(.gg are homotopy equivalences. This allows us to identify B and 
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B' with open subsets of the universal cover T of T n f)(.gg. Thus i may be expressed as 
a composite 

Now OJ"'^ + x^O^"'" is the inverse image of 0"^'' + x^O^"'^ under O^"" Of, so 

It follows that DzM = j-^{0^'' M fiat + x\0^'' M fiat), so using h' and B' instead of h 
and S produces the same subspace. Property (1) is clear. 

Now TT : C[f)] — >■ C[f)'] is equivariant with respect to the action of Sq x Sp, so 

7r(C[f)]^") C C[f)']^<'^^'' C O^^'^ 

Therefore DzM is preserved by the action of 7r(C[f)]'^"). To show it is preserved by C,, 
note that 

C4 = 2A(A-l)x^-2--A,x^-2-2y ^1a4-i 

_ 1 V {— —\ xx'-' 



= 2 V ^- -Axi + — V 7 r^T -Axi 



Also setting x^ = ta — %, we may write 

2^ mxz 



m Try ^— ' 



an,s 



SO for / G Of'\ we have 

[C, /] e x^(/)x^ - + Cy{f)y + + O 

TTl Xz „ 

yez 

But x^(/)/xz G Og"'* and s fixes so we conclude that 

[C, '1 C Of'^xzx"^ + + O^"'^ 

Hence 

aOf'^Mfiat + X^zOT^Mfiat) 

C [C, O^'IM;,,, + [C, 0^"'>^M^^„, + Of'X{x^z)Mfiat 

proving property (2). 

Now suppose that U and V are as in property (3). If C/ fl Z = then ©(J/ n l)(.gg) 
0{U'), and the property is clear. Otherwise we may suppose that B QU. Then 

®c Mj;,, = Of M = Of ®c V, 

so Mfiat = XV, where X G GLov^{Of ®c "5^) satisfies 

X G ^ Endc(F)®cOB4(log^^)'' 

leL 

X-^ G ^ Endc(F)0cO^"a;7(logxz)' 

/ISA, 
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for some finite subsets A C C and L C Z>o. Thus 

Mfiat C ^Of^4(logXz)V, 



Thus 



for some integer iT, proving (3). 

Proceeding with the above notation, suppose now that M G <j)-^A. Let S be the 
endomorphism of ^©(fjreg) ^ given by 

5(/(g)i;) = {s*f)(^sv, 

where s* G Endc(C^") is induced by the automorphism s : B ^ B obtained by hfting 
s : B ^ B. That is, s* sends xz to e~'^^xz, and fixes any function killed by x^. The 
restriction of S to Mfi^t is exactly the monodromy of the corresponding local system on 
Keg/'^q X Sp around Z, which is assumed to satisfy 

(5K„,-l)(5|M,,„,+q)=0. 
Thus Mfiat decomposes into eigenspaces Mji^^ and MJ^^t for S. The above shows that 
M C Y,0%-x-^{logxzyMfiat 



leL 



^ OWx-^{\ogxzyM}i^, + 0%-x-^ (log xz^MJ, 



msa, 



But — q = e^'^*, so the elements fixed by s must be contained in 

C + 0-^''[x,']x'zMp^,. 

live M^i^^p C M*, then for some K > we have 

a^t; G M n (o^"'^M),„, + O^'^x^M^-^^,) C DzM. 

Since a is also Sq x Sp-invariant, we conclude that M^^^^p C C[a~^](£)zM)'^«^'^f , 
proving (4). 

Case 2: M^' = 5^"^ x 52^, so Z is the kernel of xz = Zi- Zj G (f}')*. Let s e SqX Sp 
be the transposition switching with Zj, and again let O"^'^ denote the subspace of 
fixed by s. We now set A = 2m + 1, and again define 



DzM = r 1 (0^"'^M^;„, + x'zOT'Mfiat) . 
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The arguments proceed as in the previous case, the only difference being the following 
two calculations. We have 



2^/1 1 ^ . 



—]>^^z 

Tfl \Zi td Zj ta 



2 V 7 ^7 rXxz + — V 7 r? tAx^ 

~ ^k){Zj - Zk) „ i^i - ta)[Zj - ta) 



Also, setting = ~ -^J' have 



Ce:5^(x^)'-2^ + 5:Cy2 + o|r2/, 
2m 



so for / € O^"'*, we have 



[C, /] e - 2^ + Cy(/)y + Otvif) + 

xz 



The properties follow as above. 

Case 3: W = Sm^ x Sm+i-, so Z is the kernel of xz = Zi — ta- Let x^ = — mt^, 
and define 



Z)zM = i-\0^^+Mfiat). 

Properties (1), (3) and (4) follow as in the previous two cases. Now suppose / G C[f)]'^", 
and pick j and k such that vr(xj) = Zi and 7r(xfc) = t^. Then (xj — x^)/ is antisymmetric 
under Sjk-, so (xj— x^)/ G (xj— Xjfc)C[f)]. Using equation ([T]) from the proof of Proposition 
14.31 applying vr gives 

^x^7r(/)GxzC[t)']. 

Therefore 7r(C[f)]^") C so L>zM is preserved by the action of tt{C[\)\^"). Finally 

note that, for j ^ i we have 



^ Zj ta y {,Zj Zj)^ (zj ia)^ 

G xzC^, whence 



Zj Zi Zj ta {Zj Zi)(yZj to) 

m 1 \ m m 



G xzOIP and 



m 1 

+ G O' 



Zj Z% Zj t(2 



mxz{2zj - Zj-tg) 

(yZj Zj)'^(Zj ta)^ 

,an+ 
B ■ 
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Thus 

-2 



Zj 2 Zj 

Z Z j TTh Zj t 

2 



m + 1 \Zj — Zi Zj — ta 



Oj A^i A/j 



Similarly for b ^ a, wc have 



m Zi-tb mta-tb 



Finally 



m(m + 1) \tb - Zi ta- tb 



so 



m rn + 1 mxz — 



+ 1)" ^' mxz 

Now suppose / G 0^'*+, so x\(^f)lxz G O^'*. We have = (m + 1), so 



m(m + 1) xz 



m(m + l) \ 

yez 

C xzO%''. 
Thus C(/) e 0^"+, proving property (2). 
Lemma 5.8. Consider the intersection 

DM = f]DzM 

z 

over all components of i)' \ f)J.gg. This subspace has the following properties: 

(1) DM is functorial in M. 

(2) DM is preserved by the actions of ( and 7r{C[i)]^") C C[f)']. 

(3) DM is finitely generated over 7r(C[f]]'^"). 

(4) //M G (p-^A then M^i^'^p = C[a~^]{DMf''''^p. 
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Proof. Certainly (1), (2) and (4) follow immediately from the corresponding properties 
of DzM. To prove (3), let {Ui} denote a Zariski open cover of f)(,gg such that 

om 0ow,^^) M ^ o{u.i) ®c y^■ 

We may suppose C/j consists of points in f)J.gg where gi ^ 0, for some gi G C[f}']. Moreover 
we may suppose gi does not vanish on any component of f)'\t)(.gg. Now C[t)'] is a UFD, so 
we have the notion of the order of pole of any element of 0{Ui) = C\i]'][a^^ , g^^] along 
some component Z. Property (3) of DzM states that the coefficients of any v € DzM 
relative to Vi have poles along Z of order at most K, for some integer K. Thus 

DM C 0{U'i)a-^Vi, 

where U[ = SpecC[f)'][(7j"^] C \)' . In particular, 0{U-)DM is finitely generated over 
0{U-), so 0{U')DM is a coherent sheaf on [/', where U' is the union of the U[. We 
have 0(U')DM C M, and the latter is locally free, so 0{U')DM is torsion free. Also 
f)'\C/' is contained in f)'\(lregj but doesn't contain any component of the latter, so it has 
codimension at least 2. Therefore 0{U') = C[f)'], so Lemma 13.61 implies that C[f)']-D-/Vf 
is finitely generated over C[P)']. Finally C[f)'] is finite over 7r(C[f)]'^"), and the latter ring 
is Noetherian, so (3) follows. □ 

We may now complete the proof of Proposition 15.41 Consider the subspaces 
EM = \ ^ w®v V {DMfi''^'' I C eGM, 

I wGS„ ) 

GM = HcEM, 

where, as usual, e = ^ "l^weSn ^' Property (2) of DM implies that EM is preserved 
by the actions of Pa;v(2)e G He and C[f)]'^"e C He- These generate the subalgebra 
eHce C He, so EM is an ei^ce-submodule of eGM. Also EM = (DM)-^"^"^" as C[t)f"- 
modules, so EM is finitely generated over Cff}]"^". Since eu acts locally finitely on GM, 
we conclude that EM decomposes into finite dimensional generalised eigenspaces for 
eu, with eigenvalues in A + Z>o for some finite subset A C C. The same is true of 
GM, since He is finite over eHcC and ad eu is locally finite on He. This ensures that 
GM G He—mod'j^g. Moreover the composite 

T] : Loc^GM = 0({);,g) 0c[i,] GM ^ 0{t)',,^) ®cm GM ^ M 
is a homomorphism of C[Sg x Sp] x L'(f)(,(,g)-modules, by Proposition 11.21 But GM D 
EM, so if M G (/""M, then property (4) of DM ensures that Im (rj) contains M p. 
Theorem 2.3 of il8l shows that 



e' = -j-r > w 
flip! 

weSqXSp 



generates C[Sq x Sp] x I?(f)reg) as a two-sided ideal, so M^i^^p = e'M generates M over 
C[Sq x Sp] X Z)(f}^gg). Therefore tj is an isomorphism, proving the result. □ 

Although we have considered c = — so far in this section, the following result will 
allow us to generalise to c = — . The first statement follows from Corollary 4.3 of [i] in 
the case m = 2, and from Theorem 5.12 and Proposition 5.14 of [2Q] when m > 2. The 
second is Theorem 5.10 of [20]. 

Theorem 5.9. Suppose r > is coprime with m. There is an equivalence of cat- 
egories Hj_—modRs — Hj_— modus which identifies modpc with H±—mod%q 
and sends Lirx) G Hj_—m.odfis to Lirx) G Hj_— modus- There is a C-algebra iso- 
morphism H^2T,ir/m{Sp) = H^2ni/m{Sp) which sends D^, G //g27rir/m(S'p)— mod/^ to Dy G 
H^2Tri/m {Sp)—m.odf(i- 
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We may now combine the above to prove our remaining main results. 

Proof of Theorems \1.8\ and \1.6l As in the proof of Theorem 13.111 it suffices to assume 
c > 0. By the previous theorem, we may suppose c = We have seen that (pLoc'^ and 

ip* identify ifc— mod^^Z-f^c— niod^^ and C[Sq] Hq{Sp)—mod{d, respectively, with 
the full subcategory A C vri(f)[,gg/5q x 5p)— mod/^. This proves the first statement of 
Theorem [LSI Let 

Fn,q : i/i(5„,C'^)-mod|j5/i/i(5„,C")-mod^+^ ^ C[Sg] ®c H^{Sp)-modM 

m m 

denote the equivalence. 

Next we prove by induction on q that if = Q, then Supp (L(rA)) = Xg. Sup- 

pose it holds for q' < q. If the support of L{tx) is Xg, then qmW < 9 by Theorem 
13.111 However we cannot have qmW < 9 by the inductive hypothesis. Therefore the 
irreducibles in i?c— mod^^/iJc— mod|j^^ are a subset of 

^ = {^('^a) I gm(A) = q}. 

We have a bijection 

{/i h g} X {i/ h p I = 0} {A h n I qmW = q} 

given by (^u, i— mfi + u. The irreducibles in C[5q]— modfd are indexed by {/x h q}, and 
those in //q(S'p)— modfd hy {u \- p \ qmiy) = 0}. Therefore is exactly the number 
of irreducibles in C[5q] (8ic ^^q('S'p)— modfj. Since the latter category is equivalent to 
-ffc— niod^^/-ffc— iiiod^ , it follows that each module in $7 must be an irreducible in 
He— m.od'^^g/ He— To.od'^j^g] that is, they must all be supported on Xq. This completes 
the induction. 

Finally we must show that Fn^q{L[Tm^+u)) — D^i, where q and u \- p with 
Qmi'^) = 0. This is known when q = (see Corollary 4.7 of [5J). 

Next suppose that p = 0, so n = qm. We will prove the statement in this case by 
induction on q. Now M(t(„-)) is the polynomial representation, and L^t^^-^) = 0{Xq). 

This induces the trivial local system on i)^^, so Fn^q{L{T(.^-^)) = ^qy This proves the 
statement for q < 2. Suppose q > 2 and that the statement holds for q — 1. Let 

6 G f) be a point whose stabiliser in 5„ is W = Sn-m x Sm- Note that any minimally 
supported module M in Hc{W', C")— mod/j^ is of the form M = M' (g) L(r(^)) for some 

M' G Hc{Sn~m, C""*")— mod^"^^; by abuse of notation, we'll write i^„_m,<j-i(-^^) to mean 
Fn-m,q-i{M'). By (4) and (5) of Theorem [331 there is a filtration of iiesf,M(rm^) whose 
successive quotients are the Verma modules corresponding to the composition factors of 
ReSy^iTmfj,- We have a surjection 

ResbM{Tm^) ResbL{Tmf,). 

By (2) of Theorem 13. 3t the latter module has minimal support, so it is semisimple by 
Theorem 14. 4i For a h n — m and /? h m, the only irreducible quotient of M{Ta r^) 
is L^Ta (8) Tjs), and this has minimal support only if /3 = (m) and a = for some 

7 h g — 1. Moreover by the Littlewood-Richardson rule, Tm-y <^ ^m) is a composition 

s s 
factor of Res-^iTrrifji only if is a composition factor of ReSg'^ _^T^, and in this case it 

has multiplicity one. Therefore ResbL{Tm^) is a submodule of 

0L(r„,^ (»r(„)). 
71-1J-1 

Horn Sq_i (t7'^m)7^0 

By the proofs of Lemmas 15.11 and \5.3\ L{Tm^) is scheme-theoretically supported on Xg, 
and the induced local system on has trivial monodromy around Z{as) for each 
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s £S\W' and each W" C W' with W" ^ S?n- Therefore Proposition EZ] hnphes 

s 

— m,g— 1 

^ (J) Fn~m,q—1 {■^{.'^m-y)) 

,_l(T7,r^)7^0 

by the inductive hypothesis 



Horn S^_j (t^,T;j)7^0 



^9- 



If q > 2, then the irreducibles over Sq have distinct restrictions to Sq-i. Therefore 
Fn,q{L{Tm,,)) = for each /i I- g, as required. 

Finahy we deduce the general case from these two special cases by induction on 
h{Tmfi+u)- Suppose the statement holds for all A with h{Tx) > h{Tmfi+u)- Let 6 G f) 
be a point whose stabiliser in Sn is W = Sq„i x Sp. By Lemma 13.101 we have a 
nonzero map M{Tmfj.+u) — > Indh{L{Tm^) ^ L{t^)). Let be the image of this map. Its 
composition factors are of the form L{tx) where either A = mfi + u or h{Tx) > h{Tm^+u) 
and (?m(A) > q. By (1) of Theorem 13. 3[ there is a nonzero map 

ResbN L{TmfM) (8) L{t^). 

Since the latter module is irreducible, it is a quotient of some Resi,L{T\) where either 
A = + or h{T\) > h{Tm^+u) and (7m(A) = q. Again by Proposition 13.71 we have 

Fn,q{L{Tx)) Fmq,q{L{Tm^,)) ® Fpfi{L{T^)) ^ D^, 

by the q = and p = cases shown above. In fact the left hand side is irreducible since 
Fn^q is an equivalence, so 

By the inductive hypothesis, we cannot have h{Tx) > h{Tmf_i+u)- Therefore A = nifi + u 
and we are done. □ 

Proof of Corollary Let us again denote by p„ the number of partitions of n, and let 
Pra,m = I" I Q'm(A) = 0}| denote the number of m-regular partitions of n. We have 
shown that the number of irreducibles in iJji— modnsf^n, C") whose support is Xg is 
PqP„_qm,m- This is the coefficient of s"'t'^"^ in the formal power series 

N{s,t)= PqPp,mS'^^+Pt'l"'. 

p,g>o 



It is well known that 

n>0 n>0 

Every partition A of n can be written uniquely as A = m/i + v where v is m-regular. 
Therefore 



n>0 n>0 P,<?>0 




giving 



p>0 n>0 
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Thus 



iP>0 



Now consider the operator 




qm 



i>0 



acting on Fock space F. The elements 

JJ a''^!- + span{^ai \ i > 0} e F 



i>0 



form a basis for F, where the are nonnegative integers with only finitely many nonzero. 
This element is an eigenvector for with eigenvalue 



E 

m I i 



Therefore 



V \i>0 / \ i>o 



\ 1>U 

\m\i 

i>0 Vi>0 



i>0 Ui>0 



J-J- 1 - I-'--'- 1 - (st)™ / 



N{s,t), 



as required. 



□ 
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